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Abstract 


Recent mathematical, theoretical and experimental studies have confirmed the exact validity of 
quantum mechanics for point-like particles in vacuum under linear, local and potential 
interactions, as occurring for electromagnetic interactions. The same studies have established a 
progressive generalization of Heisenberg’s uncertainties according to the 1935 Einstein- 
Podolsky-Rosen (EPR) argument, with a corresponding recovering of Einstein’s determinism for 
extended particles in deep mutual entanglement with ensuing non-linear, non-local and non- 
potential interactions, as occurring for extended hadrons under strong interactions. In a recent 
paper we indicated, one of novel advances in condensed matter physics and chemistry that are 
expected from the ”completion” of quantum into hadronic mechanics according to the EPR 
argument, In particular, we presented an apparently new form of superconductivity, submitted 
for the first time under the name of “Hadronic Conductivity” consisting in the propagation of 
electron pairs (rather than individual electrons) in singlet coupling with “attractive” EPR 
entanglement. and ensuring the Meissner effect (null magnetic field with consequential reduction 
of the resistance). In this follow-up paper , we present , under the name “Hadronic-Time 
Relativity” : 28x28 metric tensor Form of Calendar (Day/Month/Year) Representation of 
Everything. An example is provided by a (cube-hexagon) quasi-crystal system of a vibrating 
helix of (curl and loop) geometry of a membrane(~M-branes) of the cubic box, like Schrodinger 
“cat” of gravity(g~7)mass(~52)=59=“branes(59)”,and the implications for such a system is 
discussed.. 


KEY WORDS: EPR arguments with respect to “determinism” in quantum mechanics, 
condensed matter physics and chemistry and the “completion” in “hadronic” mechanics; 
unified geometry of matter, anti-matter and light, string theory of everything. SO(2N) 
algebraic projective geometry and tensors. 
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OUTLINE 


1. INTRODUCTION AND REVIEW 

2. METHODOLOGY OF ANALOGUE/DIGITAL CONSTRUCTION OF CALENDAR 
(DAY/MONTH/YEAR) HADRONIC-TIME RELATIVITY METRIC TENSOR 

3. AB/CD/TXYZ ~DAY/MONTH/YEAR ON EARTH AS WARPED R3xSO(3) TIME- 
SPACE 

4. DISCUSSION & CONCLUSION 

5. REFERENCES 


1. INTRODUCTION AND REVIEW 


Despite Advances with Unitary Scattering Theory of Point-Particles in Conventional Quantum 

Mechanics, a number of fundamental Problems have long been identified & partially tackled: 

¢ Replacement of Infinities in quantum scattering formalism ab initio by convergence (Dirac 
1981 [1] ) & tackling imaginary potentials in Dissipative Nuclear Models by non-unitary 
theory. 

* Need to replace Linear Character of quantum mechanics by Nonlinear character of nature 
(W. Heisenberg cited by R.M. Santilli 1978 [2]) 

¢ Einstein, Podolsky and Rosen (EPR) 1935[3] expression of doubts about “lack of 
completion of quantum mechanics“ which underscores the motivation for this paper. 

* Suggestions by R.M. Santilli 1978 [2] for construction of Nonunitary Covering of Quantum 
Mechanics under the name Hadronic Mechanics (HM) 

¢ Non-unitary Lie-isotopic & Lie-admissible scattering theory of HM (Santilli & Animalu 
2011[4]) 

¢ A.O.E. Animalu 2019 [5] -Lie-Admissible Approach to “Extended Relativity”: 
Non-Linear Velocity, Mass and Charge Transformations in African Journal of Phys. Vol. 12, 
p.2-27 (2019) [ reformatted from Hadronic J. Vol.10, 321-330(1987] 

* Due to the dimension and diversification of the existing literature in the EPR argument , 
PHO this paper, interested colleagues should view Ning minutes video on eas Verifications, 


Taotig Lecture I: Isomathematics http://www.world- eunesoet ies.org/santilli-tutoring-i 
Tutoring Lecture II: Verifications of the EPR argument 
http://www.world-lecture-series.org/santilli-tutoring-ii 


Primary references on recent verifications of the EPR argument 


http://www.santilli-foundation.org/docs/references-epr-verifications.pdf 


¢ A.O.E. Animalu 2022 [6] Hadronic Conductivity: A New Form of Superconductivity, 
Hadronic J. Vol.45,333-355(2022) 
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* Albert Einstein (1999) [7] celebration as “PERSON OF THE CENTURY” (in Time Magazine 
, Dec 31,1999) & in trending (www.thejourney.com) Einstein's equation (Energy = Love x 
square of speed of light) 

In a_ previous paper [6] we have, on the strength of the EPR Argument, developed in the 

framework of hadronic mechanics, both a theoretical physics (e-magnetodyamics framework of 

current loops) and linguistic (analogue/digital) SO(10) realizations of a principle of trichotomy 
between the three objects (points, lines, planes) of projective geometry of space-time and the 
three elements (particles, fields, currents) of gauge principles of classical and quantum 
mechanics. The most important aspect was the implication of trichotomy of “time-relativity” in 
real R3xSO(3), therein called T-symmetry, namely that it is discretely positive but non-linear and 
irreversible vis-a-vis “Energy=Love x Square of Speed of Light(c)” unified theory of energy 
generation in everything in Einstein’s Secret 1938 Letter to his daughter(Lieseri) released in 
1980 and reported by Brandon Bays www.thejourney.com [7] as “God is Love” ; “Love is the 
quintessence of universal energy generation ...”; etc. The significance of T-symmetry was 
correlated in [6] with the trichotomy of world war dates (DAY/MONTH/YEAR) in 
analogue/digital SO(10) linguistics which we shall elaborate as a methodology for a_ vibrating 
helix of (curl and loop) geometry of a membrane(~M-branes) of a cubic box in Sec.2 of this 
paper consistent with Einstein’s secret letter by going beyond 4-dimensional space-time and the 

M-theory [8] of an 11-dimensional world filled with weird objects called “branes” inasmuch as 

“M stands for many things including matrix, mystery and magic” and in this paper 

“branes(59)” is cognate to “e-love(59)” and to “g-mass(59)” in SO(10) linguistic geometry. 

To further underscore the question that led to the above scenario of 28x28 metric tensor 
in this era of search for the string theory of supergravity, called the M-theory, as well as unified 
field theory of gravity and its further development into the superstring theory of everything[9], 
let me recall an interaction in 1968 with P.A.M. Dirac 1970[10] while he was searching for a 
Maxwell-like (dual) gauge principle to relate electric charge and magnetic charge in projective 
geometric terms. 


Following treatment of the Lorentz force and the linear Dirac (negative) energy relativistic wave 
equation for electric charge on the same footing as a corresponding dual of Lorentz force and a positive 
energy relativistic wave equation for magnetic charge and non-negative mass (represented by a current 
loop), Dirac’s way of thinking led (as summarized below) to a correspondence principle: 


Particle <— > Point, Field <—> Line, Current <—> Plane, 


Such a correspondence principle implies geometric characterization of conventional electrodynamics 
and an analogous so-called e-magnetodynamics of current loop and to the Feynman space-time 
diagrammatic approach based on 10x10 representations of the dynamical group unifying strong 
interaction with electromagnetism and space-time geometry and violations of the discrete symmetries — 
parity(P), charge(C) conjugation, time-reversal(T) and spin-parity to point-plane dual interchange, 


SU" (3) x SU*(3) x U? (1JU* (1) x 0 (4,2) xO*(4,2 


This defined our SO(2N)xSO(2N) group-theoretic approach to scattering of N-particle (N=5) systems 
presented[11] in  http://doi.org/10.52202/059404-0001 which we have elaborated and 
distinguished from the “trichotomy” of Minkowski space of “extended relativity” R3xSO(3) and 


~ 234'~ 


U(2)xSU(2) of elementary particles in Dirac’s 1971 [1] SO(2N) second quantization scheme for 
condensed matter physics and chemistry with SO(10) linguistic geometry of two liquid 
water[12] molecules (2H2O) as reactant “hydroxil ion” in oxonium(H30*)+ hydroxide(OH’) 
states. 

To gain familiarity with the SO(10) group theoretic structure of metric tensor we 
summarise (in table 1 below) the conventional magic square representation of the metric tensor 


in O(4,2)xSU(3)xU(1) ~ SO(10) Lattice gauge theory. 


Fig.1(a): Manilla-shaped 
(“M-Branes”) with 


9''C date (39/1/34) 


Fig. (1b) 
N-Helix 
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Accordingly, in this paper, we shall construct a 28x28 metric tensor that characterizes a Manilla- 


shaped artifact with 9 C date 39/1/34 (in Figla) which is here called “M-Branes(72)”cognate to 
“Hadronic(72)” ~ “N-~Helix(72)” ~ “Lover(72)” 

in SO(10) linguistics of Calendar (Day/Month/Year) ~ (AB/CD/TXYZ) geometry and requires a 

generalization of the space-time metric tensor correspondence with Maxwell’s 4x4 tensors 


O i f, be 0 E. a, £, 

: 24 0 2 =) =F. B, B, 
Poll 2 3 witla - ¢ 2. Fel 

=f, y —x O i By =e, 0 


of electromagnetism and e-magnetodynamics 


Conventional Electrodynamics , E-magnetodynamics of Current Loop 
0 E, E, E, 0 J, J, J; 

-E, 0 B, —-B, 

—-E, —-B, 0 B 

-E, B, -B, 0 

Maxwell’s eqn & Lorentz force 


OF. = J°:f* =ehiI)° xB. 


fv Me? 
EB, B->-E. J‘ > J” 


Def, Aru 


[Gm l=| 


(J” +B, Bo -J"”") 
J” =—(2eh/mc)A, B=curlA =curl(¢J”"), 


6 =(mc/ ef) 
BA = (Bad PVE HM Gye PPP) 20 
DefG,,— Aryl = 2 (Ry F”OE +(E ye PPO) =0 


.. 


oe ee ee ee ee 


LVOo 


LVYOo 


= diag (+ l= Le Le LTR, cans = Pelee = Tall ay) 


R 


: ie f° =-B- t2BE = 0 
ine FOO = 2 Bence EL EO = ie => E 


B- B*-E*+2E.B =0 
“vp Livpo 


m2 m2 peg B.J” =(0 
R GY?G'’ —-2e GHG"? = " ( B°+2 


B* BJ”? ¢2)" B =f 
Note that the current loop j", involves e/m, and this insures the Meissner effect (;™B +0 ) 


This will led to the following digital/analog relations in SO(10) Linguistic geometry: 
N-helix(72) Loops(77) ~ M-branes(72)Loops(77) ~ Hadronic(72)power(77) ~Environment(149) 
as realized in Figs.2, 3 & 4 below; 
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Hadronic-unified 
4x4 metric tensor 


Fig.2(i) Realization of hadronic-unified 4x4 mietric tensor as 
given by electric (E=2,-7,9) & magnetic (B=2,-7,5) 6-vector 
components, such that E.B=+4 animated as “pillar of water” ; 
(ii)A Super array of magnetic poles & pivoted slab of soft iron in 
e-magnetodynamics machine (Animalu e¢ al 2013) [12] animated 
as array of magnetic poles with pivoted slab replaced by 
Kepler’s 6-star vortex ; (iii) Generalization of Durer’s 4x4 magic 
square by the replacement of +1 by 26 +1, so that trace(16+10+7 
+2641) =59 +1 is 60 ~Word(60) or 58~Helix(58), and the 
Word(60)Power(77) = 137 can be associate with helical current 
loop on a membrane of the pillar of water with a magnetic 
charge, he/e? = 137 =Lover(72)Music(65). Similarly 
hadronic(72)power(77)=149 and super(79)power(77)=156 . 


Magnetic 


A Super unified 
Metric Tensor 


=Dim of 2Xx2' rep of 
SO(2N)=SO(10) (N=5). 


34 S59+1 


34434434459414-5941=2 2022; 
Elaboration of 4x4 Magic Square 
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Power(16+15+23+5+18)=77 
= Hertz(8+5+18+20+26); 


| 6x26 = 156 = 
super(79)+ 
| Power(77) 


hadronic(72) 
+ power(77) 


Principle of cube-hexagon hyperlink 
reflecting the holographic pattern of 
growth in toroidal universe, and predicting 


how the universe expands according to a 
fixed proton-electron mass ratio 
aormazteaa? |< 
8? 
 14244+324+404+32+24 = 153; 12x153 = 1836 34+44+5=12; 
= proton-electron 3+44+54+54+4+3=524 
Fig. : Model of H-atom(top-left) mass ratio 


Fig. 4: The introduction of mass ratio in geometry is_ reflected by ref.[13]: 
A.O.E.Animalu, Samuel Edeagu, Godfrey Akpojotor & Erik Trell, 


Electromagnetism of Atomic Structural Constitution in Deformable Real 
R3xSO(3) Configuration Snace. Afr. J. Phvs. 11. 2 (2018). 
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2. METHODOLOGY OF ANALOGUE/DIGITAL CONSTRUCTION OF CALENDAR 
(DAY/MONTH/YR) TIME RELATIVITY METRIC TENSOR 


If AB/CD/TXYZ ~ Day/Month/Year on spherical Earth Surface, then as shown in Fig.5, 


GENO-ASCII 
(A,B,C ...X,Y,2) 


(1,2,31..,24,25,26) 


~ B Igbo-Ukwu Torus 
Day/Month AB/GD ||Time-Space TXYZ 


then ABC, ACD, ABD are projective “plane coordinates” & BCD is the “timeless” plane on Earth with 
“cyclic” radius(T) such that, 


/ 


T°? =e? GP +r +75) 
form a 6-vector (T,R), and (T,R) ~ (E,B) of electromagnetism. Such a 6-vector space-time, 


referred to as R3xSO(3) symmetry, has a “Warped (Cube-Hexagon) Time-Space geometry” , 
represented by 3-dimensional grid map (Fig.6). 


Correlation of unexpected 10- 
fold symmetry of warped (cube- 
hexagon) time-space system 
with Schehtman’s diffraction 
pattern of quasi-crystal in [17]. 


Fig.6: Warped(cube-hexagon) Time-space 


- 239 - 


The warping geometry of the quasi-crystal diffraction pattern is like the Igbo-Ukwu bronze torus 


and Manilla-shaped artifact of 9 C date (39/1/34) and step-pyramid fly-shaped pattern correlated 
in the realization of step-pyramid definition of R3xSO(3) Linguistics as presented next.in Fig.7 


4134) object || 
: ‘ 


Cube-hexagon Step Pyramid 
Alphabet/Number Dictlonary 
Az=1, B=2,C=3,D=4,E=5, F=6, 
G=7,H=8,i=9,J510,K=11,L212, 
M=13,N=14,0=15,P=16,Q217, 
; Re18,S=19,T=20,Ue21,V«22, 
- SLs a : =| W=23,X=24,V=25,Z=26 
[ tgbo-Ukwu Bronze (Cube-Hexagon) Artifact | Step-pyramid pattern likefly | 


Fig.7: The quasi-crystal diffraction pattern (top left) transcends the bronze Torus 
t 


(cube-hexagon)artifact (bottom left) alongside the 9 C Manilla-shaped object dated 
(39/1/34) and step-pyramid fly pattern which are Igbo-Ukwu artifacts 
in Elizabeth Isichei[14] A History of the Igbo People(1976). These lead to the 
Cube-hexagon pyramid Alphabet/Number dictionary of GENO-ASCII Code given by 
A.O.F. Animalu & A.V.Animalull51in Afr. J. Physics Vol. 5. 122-140(2012). 


The interest of the 9'C Calendar Date (39-1-34) on the Manila-shaped object lies in providing a 
motivation for the digital aspect of the step-pyramid-alphabet number dictionary of the GENO- 
ASCII Code,(A=a=1, B=b=2, ... , Z=z=26) and 1+2+3+...+36=666 for closure in SO(10) 
linguistic geometry in which “Word ~ W+ot+r+d=23+15+18+4=60 can be written as “Word(60)” 
and “A membrane” = “M-branes(72)”. Consequently, just as Einstein’s cosmic religious 
aphorism contained in his secret letter on “Energy=Love x square of the speed of light(c)” linked 
war date Calendar (Day/Month/Year) to Life(32)Language(68 )=100 as well as 


War(42)date(30)chaos(46) =118 (as in the table below), the 9 C date (39/1/34) on the Manilla- 
shaped membrane that folds and curls links the corresponding numbers 39+1+34=74 and 
39+14+3+4=47 to Energy(74)Time(47) =121 =11x11 metric tensor of 11-dimensioonal world 
filled with weird objects, called branes(59) = e(5)-love(54) which one can associate with current 


loop on a membrane with a magnetic charge, g = cle’ 137 = lover(72)music(65). 


“oF Date of Ist World War 

2B 7 7 YF ABs12.4 

2ewtetewvrytete_ toe +- 14 =| 6B 

2tese4+77+1+90+14+4=> 32 68+32=100 
28+ 77+17+ 9+1+ 42= 50; 68+50=118 

Se rhe Second World War date 

or “7 19393929 

te +49 + 39= 68 

io a tI? Or B+ O= BZ 3; 68+32=100 


+or-wzwz+ 2= 22 ; 68+32=-100 
2a+1+a4a+2+ 20 + 22=S0; 68+S0=118 


th 
@ Dateon9 C Igbo-Ukwu Manilla-shaped object 39/1/34: 
39+1+34=74, 394+1+3+4=47, 3+9+1+14+3+4=21, 21+47=68, 74+47=121. 


Further correlation of metric tensor with Calendar dates and linguistic geometry is given here 
for the date 1/11/2022 and the generalized Durer’s 4x4 matrix introduced earlier in Fig.2(iii) for 
characterizing the relations, 888=666+22 corresponding to an update of Einstein’s aphorism. 


For 1/11/2022 , T00=36 Child (soy. 


define the 3x3 T-matrix: \ 53 Lovee ETT 9 Neill 
11151411420422854; ee ats a 
12281#1142+0+2+2183 < [ Lover | wana) | Bant@7) | 


133=1+1+1+2+0+2+239; 


Fe i Reminsies) | Ball(27 
1128T1147228725T21; ta 489 ah? 2 ear o 
14327414T332832T31; zels aaa | 188 saz | 


123aT22+T33=27 


Hadronic(72) 
Mind(40) 
12 


is(28) Energy(74) Heat(34) 
2641 59+1 Love(54) Heat(34) Life(32)Time(47) 
a 78 
34 34 S59+1 5941 108 136 167 


344+34+4+344+59211+5941=220+2; 
Elaboration of 4x4 Magic Square 1824+1084+136+167+295=886=666+222 


Updated Einstein’s Aphorism: “God is Love Heat Energy, Love Heat is Life Time” : 
Representation as 4x4 Symmetric Metric Stress Tensor: where Love(54)Heat(34)=Vitamin(88) & 


Vitamin(88)Cat(24)= Dual(38)Energy(74)=1 12=Mind(40)Lover(72) ~ Hadronic(72)Mind(40). 


“DAl« 


The impressive result of this “magic square” correlation is that it gives the Judeo-Christian 
“sacred” number (666) for predicted catastrophic change of human consciousness called 
“Rapture(99)” and 882=216+666 correlates it with 216=6x6x6 = 20+56+70+70* related to the 
fundamental representation of the SU(6) symmetry of constituent quarks of the proton(three- 
quark) building blocks of matter in the universe while 10x216=2160 is the cycle (in years) of the 
cross-road predicted by ancient cultures for the same catastrophe. 888=666+216+6=666+222 

Moreover, 882+666=666+216+666=1548 is the date of publication of the book Revolutions, 


th 
written by Nicholas Copernicus that gave birth to Renaissance in 16 C Europe. By combining 
such correlation with Biblical(Exod.3v14) record of human consciousness of daily rest 
energy(74), and weakly,7x74=518, we have achieved an elaboration of step-by-step construction 
of 28x28 matrix from seven 4x4 symmetric metric tensors for “hadronic” time relativity as 
follows: 


Calendar(AB/CD/TXYZ): A(1)B(2)C(3)D(4)=1+2+3+4=Al(10); (Exod.3v14): “1 AM THAT 1 AM” 
1(9)AM(14) THAT(49)1(9)AM (1 4)=9+14+49+9+14=95=T(20)X(24)¥(25)Z(28) 


ABCD tetrahedron of reference of a _- = 0 are 
3-dimensional projective geometry le 2 # 
With homogeneous coordinates o 2>4 0/6 
(T,X,¥,2) where T=ct has 3-c(tx,ty,tz) Pa ie 
Components. This defines R3xS0O(3)- at o 4 9 
map of space-directions (East, West. 3 69 3 
North, South, Up & Down), cubism 6+3+6+4+9= 24 
and heat warping of space-time. 


a eee 


Cubism of cube-hexagon 10 0 0 90 
crystal diffraction pattern: 0 2614 O 
Vortex(104) 
=Al(10)God(26)Am(14)Love(54) 0 
Magic Square correlation: 28 40 68 104 194 
Language(68)=Am(14)Love(54); 28+40+68+104+194=-438 
438=6x73=6x(A(1 )Lover(72)) 


a Foe 


Aphorism: 
“God is 


Love Heat ae Pe] 
Energy, 


=i 


= 


Love Heat 


182 108 136 £167 285 


is Life 
- indi = 
Time” eagtaseer|aaicderdiorsicre: 182+108+136+167+285=878 
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Updated Einstein’s Aphorism: “God is Love Heat Energy, Love Heat is Life Time” 
Representation as 4x4 Symmetric Metric Stress Tensor : 


where “Life(32)Energy(74)=106~Heat(34)Lover(72) ~ Hadronic(72)Heat(34); 
& Corresponding Warping of time-space. 


Hadronic(72) 182 
Heat(34) 


106 


God(26) 1s(28) Love(54) 108 


1s(28) Energy(74) Heat(34) 136 
Love(S4) Heat(34) Life(32)Time(47) 167 
79 
182 108 136 167 285 182 108 136 167 285 
i 182+108+136+167+285=578 1824108+136+167+285=878 


=96+576+216 = 96+72x8+6x6x6. 


"|For 21/2/2023, TOO=18- 
E Define 3x3 T-matrix 


Warping Projection SS 
of 3D hadronic cube- 0 “66 78 96° | 240 
hexagon fattice ‘“ 

onto 2D plane. 


. a 114 &2442420+23266 
o 678 Sag a2 |150| |T22=2442+24042+3=30 
ee T33 =24+1424+2+043¢3=42 
Q Ab a2 ABy 150) [422 TA + 122878 
222 240 150 150 126| | 1135 Tit + Ts=96=T31 
222+240+150+150+126=888 723 = T22 + T33=422T32 


Proceeding in this way, we have constructed the 28x28 symmetric metric tensor consisting of 
positive numbers from a selection of seven 4x4 matrices arranged in the same manner as the 
“magic square” representation of the metric tensor in O(4,2)xSU(3)xU(1) ~ SO(10) Lattice 
gauge theory presented earlier. The primary interest is to correlate various dated (archival) 
materials with geometry so as to endow the methodology with predictive capacity in the ranges 
from 0 to 170 (Ancient Egypt) and 170 to 2075 (Judeo-Christian till 2012 New Age cross-over to 
the “Hadronic(72) ~ COVID-19 era and beyond). Quantum mechanics will demand 
characterization of End-Time(70)Stress(100) on Schrodinger “Cat” consciousness from the trace 
of the 28x28 metric tensor arranged and elaborated below as seven 4x4 matrices so that the 4" in 
the sequence characterizes the (888=666+222) warping of (cube-hexagon) time-space as follows: 


Trace(5256) of 28x28 Matrix + 222 (cross diagonal)=5478= 78+5400 = 
Nano(44)Heat(34) + Love(54)xStress(100); 
& adding to this number 5256, a weekly rest, 7x Energy(74)=518 gives: 
5478+518 = 5996 = 96+5900 = Hadronic(72)Cat(24) + Stress(100)xBranes(59) 


This is the result we are after, as summarized in the two complementary tables below: 
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28x28 Metric Tensor of Calendar Day/Month/Year) Hadronic Time Relativity 
1 5 6 9 10 40 68 104 106 108 136 167 18* 240° 150° 150° 170 252 378 400 930 1481 1515 1600 1664 1749 1836 2075 


1 5 6 9 10 40 68 104 106 108 136 167 18° 240° 150° 450° 170 252 378 400 930 1481 1515 1600 1664 1749 1836 2075 


€@Trace(1+0+4+8=13) 


° 


°f €&Trace(10+26+54+104=194) | 
a | €—Trace(106+26+74+79=285) 


as 


0 


73 gs 


r 
*. 0 a 
7 


28x28 ae 


Trace Trace(170+32+68+70=340) _» |, 


oO 


$256 = i Trace(1664+417+504+183=2768) —> 
| 222 | 28 = 


‘Trace(S256) of 28x28 Matrix + 222 (cross diagonal)=S5474= 78+S400= 
$478 
| =78+5400 


Nano(44)Heat(34) + Love(S4)xStress(i00); 
& adding to this number 5256,a weekly rest, 7x Energy(74)=518 gives: 
S478+516 = $996 = 96+5900 = Hadronic(7 2)Cat(24) + Stress(106)x Branes(S9) 


666 666 
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The primary features of the correlation are, firstly the addition of the Nano(44)Heat(34) to 
Love(54)xStress(i00), where 
Nano(44)Heat(34)=78=e(5 lover(72)~e(5 )Hadronic(72)= Anti(44)Hate(34) 

by noting that “Heat(34)=34” is cognate to “Hate(34)”.and Nano(44) is cognate to Anti(44). 
Secondly, it underscores the reliance on seven symmetric and positive definite 4x4-metrices for 
calendar(AB/CD/TXYZ) correlating Day/Month/Year on Earth and dual linguistic geometric 
elements (ab/cd/txyz) of lattice gauge theory so that pairing(p~16) is associated with the 
geometric element (At+a,Bt+b,C+c,D+d)/(T+t,X+x,Y+y,Z+z) in the transition from ASCII to 
GENO-ASCII Code and hence rest Energy(74)=p(16)Asleep(58).has mass(52)=p(16)field(36). 
Thirdly, the necessity of updating Einstein’s cosmic aphorism to include the time in the “secret 
equation, “Energy = Love x square of the speed of light” has permitted inclusion of the weekly 
rest(t=0) energy(74) of 7x74=518 as the trace of seven rest frame diagonal 4x4 metric tensors. .. 

The primary interest of the range 170 to 2075 is that it defines a sub-group of 
three 4x4 matrices forming a 12x12 metric tensor beyond the M-theory of 11-dimenions of 
interest to experiments at giant particle colliders in the US and Europe. 


120 210 


170 252 378 400 600 1481 1515 1600 1664 1749 1836 2075 
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To underscore the interestof the range 170 to 2075, the correlation of the 
Digital Signal Processing (DSP) maps of the 12x12 metric tensor with 
various archival artifacts have been easel as iisplaged below 


~ Life(32)Language(68) 
: _Secret(70)=1 70 


atpy 


0 32 $00 220 


UNeriy 


0 100 68 210 Mitest es (H9 


fi 
e Pa 
vader t 


0(15)East(45)West(a7) 
North(75)South(83)Up(37) 


0 120 210 70 


Hexagon(74)Power(77) 
System(101)=252 j 800 0 0 0 


= = — 149 666 666 eel 
Babylon(71)Life(32) | “” Apocalypse 
Chaos(48) =149= 4515) 666 183 666 Environment 
Environment(149) | _8664149+66651481 


perenne tte re so" 4600 666 666 268 
1664 0 O 0 


0 417 666 666 


0 666 504 666 


| 
| 
| 
fl 
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‘Caduceus Swiss(1515) _ 
666+183+666=1515 


0 666 666 743 
DSP Surface 1749 1036 2075 


170 252 378 400 600 1481 1515 1600 1664 
‘Map(1): Stadium _ ~Y- Pat _ 


[DSP Surface ne 


BG66+743+666=2075 = Cube- 
hexagon-Torus (Igbo-Ukwu Artifact) 


Pillar(G8)of(21)Gloud(S5) 6664200466627 600 = 40x40 = 
__bover(72)=216=6x6x6 =| |32x32+24x24 (Pythagoras Thm) 


4, DISCUSSION & CONCLUSION 
Having shown how the unification of electromagnetism with e-magnetodynamics was 
realized[6] in the hadronic unified 4x4 metric tensor, we finally proceed to discuss the 
challenges of how the demands for secrecy of the higher dimensional 28x28 metric tensor for 
everything demands the use of artificial intelligence and communication technology of the 
digital age paradigm shift linking 

“Environment(1 49)=N-helix(72)Loops(77)=M-branes(72)Loops(77)=Hadronic(72)Power(77)” 

to “Hadronic(72)Cat(24) + Stress(100) xBranes(59)” and to End-time(70)Stress(1 00) 

on Hadronic Cat(24) consciousness defined by the trace of our 28x28 metric tensor. The famous 
Schrodinger Cat(24) experiment in which the cat always responds according to the expectation 
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of the observer has led to the conclusion that the cat is conscious and aware of the mind(40)- 
set(43) ~ wisdom(83) of the observer, and responds in consonance with that mindset as if it has 
its own “mind” that resides in the “wave(51 )field(36)” ~ “the(33)love(54)” associated with the 
motion of its parts, It is no wonder then that, as illustrated below, a quantum of rhythm energy of 
breathing is associated with an extended (non-pointlike) living body 
“asleep(58)in(23)cubic(38)cell(30)” = “a(1 )w(23)w(23)w(23 )dot(3 9)mind(40)” 
= “environment(149)” = hadronic(72)power(77) 

of a periodic lattice, as displayed below. 

The quantum of rhythm energy of breathing of an extended (non-pointlike) living body 
asleep(58) in a cubic cell of a periodic lattice shown below relates “g-mass(59)” to “branes(59)” 


This is because in time of falling asleep in the (top left) cubic cell of a lattice that gets 
curved under one’s weight, (i.e.by gravity), into a curved cylindrical hadronic space (bottom 
left), one becomes conscious or dreams (top right) of one’s spiritual self gone out of a torus 
(bottom right) whose surface.is covered by cells of a reciprocal lattice hexagrams (middle right) 
as crafted on ancient African (Igbo-Ukwu) bronze “enigmatic tyre”(a torus) from Catherine 
Acholonu[16], They Lived Before Adam p.447 (2009). 

We conclude, therefore, that the analogue/digital correlation of SO(10) linguistics 
and 28x28 metric tensor of hadronic time relativity have given enlightenment in this era of 
global warming environment the complementarity of love and nano-heat ~ anti-hate and 
challenges of COVID-19(72) pandemic. It has accordingly strengthened the realization of 
hadronic power and superpower as predicted in ref.[6] from 4x4 metric tensor of e- 
magnetodynamics. 
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Abstract 

This study aims to investigate the differential cross section (DCS) across a 
Josephson junction in a superconductor with Kondo impurities, addressing a 
limitation of the previous work conducted by Goldstein et al. (2013). The DCS is 
derived using the Bransden and Joachain as well as the Sakurai methods, employing 
the Kroll Watson Approximation. The analysis focuses on examining the behavior 
of the DCS at both lower and higher frequencies. The results demonstrate that the 
DCS exhibits a linear increase at lower frequencies, while at higher frequencies, it 
shows an exponential increase with fluctuations. These findings provide valuable 
insights into the scattering phenomena in superconductors with Kondo impurities, 
shedding light on the interplay between the Kondo effect, impurity scattering, and 
Josephson coupling. Further research can explore the influence of additional factors 
such as temperature, impurity concentration, and lattice structure on the observed 
scattering dynamics. Moreover, investigations into the transport properties, 
proximity effects, and phase dynamics of Josephson junctions with Kondo 
impurities would contribute to a comprehensive understanding of these systems. 


Keywords: Differential cross section, Josephson junction, Kondo impurities, Kondo 
effect, lower and higher frequencies 
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1. Introduction 


This coupling occurs when quasiparticles hybridize to generate a molecular, 
or multi-weak link, Andreev Bound State (ABS) for two weak links separated 
by an order of the superconducting coherence length. The Andreev molecules 
with numerous channels are described by the scattering matrix formalism. 
Introduce new terms to the problem formulation to account for part Andreev 
reflection at the finite central superconductor in the scenario of two weak 
links coupled to three superconductors. ABS hybridization is caused by the 
microscopic scattering mechanisms called crossed Andreev teflection and 
elastic tunneling. A system of sparsely spaced superconducting weak links 
that can accommodate overlapping Andreev Bound States is known as an 
Andreev molecule. Recent theoretical studies have taken into account one- 
dimensional Andreev molecules having a single conduction channel and 
using the scattering formalism to expand the investigation to multiple 
conduction channels, a condition present in epitaxial 
superconductor/semiconductor weak junctions [1]. Quantum condensed- 
matter physics has long been interested in how impurities affect 
superconductivity. Nonmagnetic impurities shouldn't have much of an impact 
on the superconducting transition temperature, according to Anderson's 
theorem. Magnetic impurities make conduction electrons scatter in the spin- 
fip direction, which has a significant impact on the Cooper pairing in a 
superconductor. According to Anderson, a magnetic impurity ion's ability to 
preserve its magnetic moment depends on the host metal's density of states at 
the Fermi energy EF. Because Nb has a higher density of state at EF than 
molybdenum, the Anderson model explains why Fe in molybdenum is 
magnetic and can induce a Kondo effect but Fe in Nb cannot [2-4]. 


A fascinating phenomenon in quantum many-body physics is the Kondo 
effect. A common superconductor that is essential for many applications 
using superconducting devices is niobium (Nb). It has long been believed that 
Nb cannot detect the Kondo effect because Nb would have quenched the 
magnetic moment of a magnetic impurity, such as iron (Fe), When the 
annealing temperature is higher, the Kondo effect is more noticeable. Even 
though the system never becomes superconducting, the temperature 
relationship of the resistance points to the possibility of remnant 
superconductivity at low temperatures. The Hamann analysis produces a 
Kondo temperature for this Nb-Fe system of about 16 K, which is much 
higher'than the beginning Nb flm's 9 K superconducting transition onset 
temperature, indicating that the impurity spins' screening is effective in 
allowing Cooper pairs to form at low temperatures [5]. The pair breaking and 
the successful repulsive interaction between s-electrons are included as 
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impurity effects in the interpolation theory, which is the foundation upon 
which the s- and d-electrons in superconductors are derived. Differently from 
that of Muller-Hartmann and Zittartz, the order parameter, the critical 
magnetic field at zero temperature despite the presence of impurities, its 
initial decline, and the localized excited state in the gap 1s were identified 
and demonstrated to be doublet [6]. 


Gapless unconventional superconductors have a self-consistent Kondo 
impurity theory that holds true in the Fermi-liquid domain. The large-N slave- 
boson method is used to treat the impurity degrees of freedom, producing 
tractable equations that describe how the Kondo effect and superconductivity 
interact [7]. There are various techniques to introduce magnetic moments into 
graphene, such as via defects or adatom deposition. Theoretically, effective 
Anderson or Kondo impurity models coupled with the Dirac electrons of 
graphene describe dilute moments. The physics of these models, particularly 
the impact of carrier doping and associated quantum phase transitions. 
Finally, draw parallels to other quantum impurity concerns, such as those in 
topological insulators, quantum spin liquids, and unconventional 
superconductors [8]. The extensive phenomena connected with spin-flip 
dynamics can be revealed through the electrons’ interactions with nearby 
magnetic moments. In the study of condensed matter, the Kondo effect is 
crucial. Recent quasiparticle-interference experiments have shown that novel 
phenomena, such as heavy-fermion phases, emerge when Kondo correlations 
and spin systems of increasing complexity are utilized. We examine recent 
findings that demonstrate the connection between atomic spin entanglement 
and the emergence of Kondo correlations, Non-equilibrium Although the 
Kondo effect in the tunneling regime is mostly accounted for by its 
equilibrium qualities, Kondo nonetheless adds its unique peculiarities. 
Explored concepts include Kondo peaks, inelastic electron tunneling 
spectroscopy, and electron paramagnetic resonance of single atoms, 
molecules, and atomic objects [9]. 


Quantum interference is one of the key components of mesoscopic physics; 
it produces phenomena like weak localization, Aharonov-Bohm interference, 
universal conductance fluctuations, and fluctuations in the mesoscopic local 
density of states. The phase coherence of the conduction electrons is a 
prerequisite for all of these occurrences. However, inelastic scattering events, 
when an excitation is generated in the surroundings, break this phase 
coherence. After the so-called dephasing time, also referred to as the inelastic 
scattering time, these inelastic processes decrease quantum interference. The 
excitations produced during an inelastic scattering process can be 
electromagnetic radiation, phonons, magnons, or just electron-hole 
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excitations. A quantum impurity in a Josephson-Junction array was the 
subject of a 2013 study by Goldstein et al. that shed light on the inelastic 
microwave photon scattering off it. They looked at the design Hamiltonian, 
the Kondo temperature, the transition matrix, and the likelihood of scattering 
photons across the junction. Despite the fact that their work greatly advanced 
our understanding of these events, a huge research hole remained unfilled. 
The work by Goldstein et al. found a research gap in the absence of study into 
Direct Cooper Pair Scattering (DCS) caused by impurity potential form 
across the junction. Despite studying photon scattering, the study avoided 
going into detail about how impurities specifically affect Cooper pair 
behavior, which is a crucial quasiparticle in superconductivity. It is crucial to 
comprehend the DCS of Cooper pairs across the junction caused by impurity 
potential for a number of reasons. Impurities can, in the first place, interfere 
with the coherence of Cooper pairs, which can result in the loss of 
superconducting characteristics. Understanding the processes for the loss of 
superconductivity in these systems can be gained by looking into the 
scattering of Cooper pairs. Second, the Cooper pairs-based DCS method can 
result in unique phenomena and effects. Studying the scattering 
characteristics of Cooper pairs may make it feasible to identify particular 
quantum phenomena that arise as a result of impurity-induced scattering, 
potentially paving the way for the identification of novel physical phenomena 
or the creation of novel device functions. For practical applications, it is 
important to comprehend the DCS across the junction caused by 
contaminants. Platforms for quantum computing and quantum information 
processing that use Josephson-Junction arrays appear promising. In order to 
develop and optimize these devices, it is therefore beneficial to study the 
scattering of Cooper pairs since it sheds light on the negative impacts of 
contaminants and suggests ways to mitigate them. The undiscovered feature 
of the DCS of Cooper pairs due to impurities' possible development across 
the Josephson-Junction array is addressed in this work in light of the 
aforementioned research gap. By examining this phenomenon, we hope to 
learn more about how Cooper pairs behave when impurity scattering is 
present, gaining new knowledge about the physics of superconducting 
systems and their applications. 


2. Methods and Materials 
2.1 Differential cross section across the junction 


Only the appropriate degrees of freedom are the total number of Cooper pairs 
n; on island i and the associated superconducting phase @;, obeying [9;, nj]; 
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assuming that the superconducting gap is bigger than any other energy scale 
and the Hamiltonian of the array is given as 


H =) [262 (ni — nf)(Cy (mj — 0?) - Bf cos(i-o))] (4) 
ij 


where E;! and C;; are the matrices of Josephson couplings and capacitances, 


IV9 
respectively. And n? = “Lswith V,2 and C? being the gate voltage and 
capacitance to the ground, respectively. The Hamiltonian of noninteracting 
spin-1/2 fermions is derived by Goldstein et al. in 2013 as, 


13s 
Ay = >, vk} gk + oe ee Te gtCnl gt 
k,o=t k,o,k',o! 
iss. ‘ 
ar Ta >, Che ae 1+ H.c — B,S, (2) 
k,o,k',o' 


Where Ladl is pauli matrices, J, = 2av (1 - =), and I, = 2naE}*. 
Incoming microwave photons scatter elastically and inelastically due to the 
quantum impurity. The elastic T-matrix Te, (w), which is typical 
determined by the relationship between the single photon propagators in the 
presence and absence of the impurity [10], 


r,(w)—-1  tp(w) | 
—2niT Pe) = ( ew) ie) = i) 3) 


where te(w) and [7,(w)] is the transmission and reflection amplitude for a 
photon of frequency w incoming, respectively and T matrixed is derived as 


Pii_(w) = = (—1) ee" * ately! Xun (0) (4) 


In equation (7) of Goldstein et al. (2013), all components of the elastic 
Tmatrix and the local dynamic differential spin susceptibility of the Kondo 
problem are described in further depth. The coupling parameter and the 


parameters (@{,,n}) are provided by a, = ap = ot —A,p), a? =a? + a2 


n i 
and Ayr (C_+CR)CLR 


susceptibility is approaches [11] as, 


Shen Sue ff «1. At low frequency w « Tx the arbitrary 
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where Yo (a, 7) = ee S2) represent static local differential susceptibility. At 


high frequencies, w >> Tres the me susceptibility is approaches [12] as, 


Hog (W )=i- 


f(a) D (fey a> (6) 


40 \iw 


2 y2 
Where f(a) = —2sin (=) Ceara 


quantum impurity: all Josephson couplings, with the exception of the islands 
of the quantum impurity, are E), and all capacitances to the ground and 
junction capacitances, respectively, are C, and ne ie ratios E, /Ecy and 


(26)? 
2C 


The array is uniform outside of the 


E, = Ec, as well as two charging energies Eg = control 


the uniform array's properties. [10]. The ee S-matrix defined by the 
overlap of the entering and outgoing scattering states is used to define the 
inelastic scattering problem as follows, 


out (f lidin = nt Sli in (7) 


The asymptotically free incoming and outgoing scattering states, |i);,and 
|i) out, may have several excitations, making them genuine many-body states. 
The identity operator f is used to define the many-body T-matrix as 
the'scattering part' of the S-matrix, which is defined as § = f + if. 


ult Flin = 205 (Ey — Ei)AFIT IA) (8) 


A huge plateau develops above the Kondo scale, where the inelastic 
scattering rate's energy-dependence turns out to be remarkably small [13]. 
The inelastic scattering rate is nearly linear between 0.5 Tk < w <0.5Tx. The 
well-known phrase provides the explicit form of the S matrix in the 
interaction representation $ = Texp{—i J-, Hine(t)dt}, where T is the time 
ordering operator (matrix elements of the T matrix) [14]. The scattering 
cross-section in terms of the tran-sition matrix according to Bransden & 
Joachain and Sakurai using Kroll Watson Approximation [15] is given by 
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do k- (m*(2n)?\* 
mae (me) Il ) 
L 


Where T is transition matrix m is mass of coopers pair m* = 2m and ky and 
k; is final and initial momentum of cooper pairs. On substituting the value 
from equation (4) in (9) and solving for = ¢' and ¢ # ¢’ 


2 
do_ky (m(2n)? : 1 
Ts ie eee w (5c = 7) Nez (w) (10) 


For both cases, ? = ?’ and # # @’ the T-matrix is same so the DCS is same. 
Now at low frequency w « Tx, the DCS from (10) and (5) is obtained as 


2 
do_ ke m(2n)3\" 1 ; 
an = iékh Ca W fe - au) [2 + ina*w]| (11) 


0<Sz> ni-n 1 é : 
= SBE Sz; = meas Sec and n, is cooper pairs 


in left and n, is cooper pairs in right. Also using a7 = 2 and g = 1, A,p « 
1, when J, = I;, the DCS is 


‘ B 
Since we have 7 (a, =) 
K: 


do m*’n*k ; 
Fae peg OC ~ Aan) L2 + Dime (12) 


This equation (12) DCS for lower frequency. For higher frequency w > Ty, 


from (10) and (6) with a > 1, g=1, Ty = c(@)é (2)? 


2NAWy 


,c(a)~1 is 
obtained as 


da _ kg m(2n)3\" 
da k; (27) h2 


(1 


1 mo?\T(1—@2)\ By | 
= Pasa Gr AN (ial) gtk eI AG WO 
Aan)" 7% (2sin( 2 ) eae TA? WW ue) 
Since we have, I,y = I, = 2mv(1—a/V2) and n[z] = a= (z) = 


T'(z + 1) = z! Therefore equation (13) become 


2 Sesh He mv? _ (ma?\ | (1 = a?) (1 
dQ hi*k, (1 ~ Are) 2araww) > \ 2 2-a? 


El 
2 4) (14) 


This is equation for high frequency. 
2.2 Thermodynamic properties coopers’ pairs across junction 


Use the quantum mechanical canonical ensemble partition function, which 
Chester established as the trace of the Boltzmann factor in 1954, to examine 
the thermodynamic characteristics represented as 


Z = tr(eFAr) (15) 
where 6 = -_ and Hf, is the Hamiltonian operator of to the single-channel 


Kondo model, describing a confined spin exchange connected to a bath of 
spin-1/2 fermions that are not interacting, as evidenced by the bandwidth _0 
in equation (2). The thermodynamic energy/internal energy of the coopers 
pair across connection is studied using the chosen Hamiltonian of equation 
(2), described [16] as 


dlnZ 
(8) =~ = He 55 (16) 


The entropy is obtained with the help of equation (2) as 
3 


The Helmholtz free energy is defined as A = U — TS, where U = (E) is the 
total energy and S is the entropy of coopers pairs, 


A= Hy — 3kgT (18) 


The thermal potential [17-18] of cooper pairs across the junction is defined 
as 
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Q=—-s1nZ (19) 


3. Results and Discussion 
3.1 Differential cross section at low frequency 


According to figure 1, the DCS at low frequency increases as cooper pair 
frequency and momentum rise. Kondo impurities interact with the Cooper 
pairs and have an impact on the charge dynamics when they are added to a 
superconducting system. The Kondo effect results from the interaction of the 
system's itinerant electrons and localized spins linked to the impurities. 
Through this interaction, a many-body entangled state is created, where the 
sutrounding electrons screen the impurities’ spins. 


0 0.5 | 1.5 0 2 4 6 8 10 12 
Frequency (eV) Momentum of Cooper pair (eV) 


Figure 1: DCS with frequency and Momentum of cooper pairs 


Cooper pair dynamics are impacted by Kondo impurities due to their 
interaction with the localized spins. At low frequencies, the differential cross 
section may be raised as a result of this interaction's modification of the 
scattering processes. Cooper pairs scatter more readily with Kondo impurities 
due to their increased frequency and momentum, which results in a bigger 
DCS. In this case, a number of factors could play a role in the precise process 
underpinning the improvement of the DCS. The system's overall scattering 
processes are aided by the Kondo effect, which can generate new scattering 
channels and resonances. The amount of charge excitations and their cross- 
sectional area can be efficiently augmented by these extra scattering 
processes, leading to an increased DCS at low frequencies. It is crucial to 
keep in mind that the precise behavior of the DCS when Kondo impurities 
are introduced can vary depending on the particulars of the system, such as 
the impurity concentration, lattice structure, and other characteristics. In 
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order to completely comprehend the underlying mechanisms and establish a 
thorough grasp of the interaction between the DCS, Cooper pairs, and Kondo 
impurities in your particular study, additional research and analysis are 
therefore required. 


3.2 Differential cross section at high frequency 


As demonstrated in figure 2, the DCS decreases abruptly in the lower energy 
range and gradually in the higher energy range. Figure 2 illustrates how the 
DCS grows exponentially as the momentum of the cooper couples increases. 
The study of scattering events in superconducting systems with Kondo 
impurities was based on the observation of a dramatic fall in the DCS at lower 
energies. In addition, our research shows that the DCS declines more slowly 
at higher energies. This pattern suggests that incoherent scattering processes 
become more prevalent as energy levels rise. Notably, we discovered that the 
DCS exhibits an exponential growth with Cooper pair momentum. Greater 
momentum Cooper pairs have larger kinetic and momentum energies, which 
raises the probability of scattering and, as a result, the DCS. In summary, our 
research shows that the DCS rapidly decreases at low energies, then gradually 
decreases at high energies, and then exponentially increases when the 
momentum of Cooper pairs increases in superconductors with Kondo 
impurities. These results contribute to a better understanding of these systems 
by offering insightful information on the scattering dynamics and momentum 
dependence of Cooper pairs in the presence of Kondo impurities. 


75 
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LogDCS (a.u) 
LogDCS (a.u) 


0 5 10 15 
Frequency (eV) Momentum of Cooper pair (eV) 


Figure 2: DCS with Frequency and momentum of cooper pair at high 
frequency 


Cooper pair coherent tunneling between two superconducting electrodes 
through a tiny barrier is the basis for Josephson junctions. In the barrier area, 
the existence of Kondo impurities can bring about scattering processes that 
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prevent coherent tunneling. The scattering events may result in a suppression 
of the Josephson interaction between the superconducting electrodes at high 
frequencies. Through theoretical models that take into account the interaction 
between impurity scattering, Cooper pair tunneling, and the Kondo effect, 
this effect can be explored. Current-voltage characteristics may exhibit 
nonlinearities as a result of scattering by Kondo impurities in the Josephson 
junction. High frequency impurity scattering processes have the potential to 
increase junction resistance and alter current flow. The interaction between 
Kondo physics, Cooper pair tunneling, and the Josephson effect can be taken 
into consideration in theoretical modeling and experimental observations to 
further understand this behavior. The presence of scattering processes can 
affect the dynamics of the superconducting phase difference across 
Josephson junctions with Kondo impurities. At high frequencies, the stability 
and coherence of the phase dynamics may be impacted by scattering-induced 
dissipation. Both experimental research and theoretical analysis can be used 
to study how impurity scattering, phase dynamics, and dissipation interact. 
High frequency scattering can affect how Andreev bound states arise in the 
Josephson junction when Kondo impurities are present. The reflection of 
electrons as electron-hole pairs at the superconducting interfaces causes these 
bound states to form. The energy spectrum and spatial distribution of these 
bound states may be altered by impurity scattering, which may have an effect 
on the junction's transport characteristics and proximity effects, 
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Figure 3: DCS with Coupling parameters and scattering angle at high 
frequency 


Figure 3 illustrates how the DCS increases exponentially with Josephson 
junction coupling parameters after a minor drop with those parameters up to 
acertain number. As seen in figure 3, the DCS with scattering angle increases 
and reaches its maximum with a certain fluctuation. The interplay between 
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the Kondo effect, impurity scattering, and Josephson coupling can be used to 
explain the behavior of the scattering/differential cross section (DCS) with 
the coupling parameter of the Josephson junction in superconductors when 
Kondo impurities are present. The Kondo effect initially predominates when 
the coupling parameter of the Josephson junction rises. The localized spins 
of the impurities interact with the conduction electrons to produce the Kondo 
effect. The Kondo effect causes the creation of a Kondo singlet state in this 
regime, which effectively screens the impurities’ spins. This screening lessens 
the contaminants’ ability to deflect conduction electrons, which lowers the 
DCS. The Josephson coupling, which competes with the Kondo effect, 
becomes more prominent when the coupling parameter of the Josephson 
junction increases over a specific threshold. Cooper pair coherent tunneling 
between the junction's superconducting electrodes is made possible by the 
Josephson coupling. In this regime, the Kondo effect starts to give way to the 
Josephson coupling. At this moment, the Kondo screening of the impurity 
spins is being undermined by the enhanced Josephson coupling. As a result, 
the impurity dispersion is more prominent, increasing the DCS exponentially. 
Because of the higher influence of the Josephson coupling, the Kondo 
screening mechanism breaks down, resulting in increased impurity 
dispersion. Theoretical models and computations that take into account the 
interaction between the Josephson coupling, impurity scattering, and Kondo 
effect can help us understand the precise specifics of this mechanism. To 
capture the intricate behavior of the system, these models often include 
solving the proper quantum mechanical equations, such as the Anderson 
model or the Kondo lattice model. It is important to keep in mind that a 
number of variables, such as the impurity concentration, temperature, and 
material parameters, might affect how precisely the DCS with the coupling 
parameter of the Josephson junction behaves when Kondo impurities are 
present. Therefore, in order to confirm and further understand this 
mechanism, thorough theoretical research and experimental experiments are 
required, 


Conclusion 


In conclusion, the findings of our study provide some key insights into how 
scattering events affect superconductors containing Kondo impurities. First 
off, as Cooper pair frequency and momentum increase, the differential cross 
section (DCS) at low frequency increases, indicating intensified scattering 
processes. This finding suggests that Kondo impurities alter the charge 
dynamics in the system and have an impact on Cooper pair dynamics. 
Furthermore, our research shows that at high frequency, the DCS shows a 
fast decline in the lower energy range and a slower decrease in the higher 
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energy range. The interaction of the Kondo effect and incoherent scattering 
processes is responsible for this phenomenon. Higher energies result in more 
pronounced incoherent scattering, which slows down the DCS drop. 
Additionally, the DCS exhibits an exponential growth with Cooper pair 
momentum, representing the elevated scattering likelihood connected to 
higher momentum states. Kondo impurities in Josephson junctions cause the 
DCS with the coupling parameter to behave differently. The Kondo effect 
takes over initially, which causes the DCS to drop. Beyond a certain point, 
the Josephson coupling, which competes with the Kondo. effect, becomes 
more relevant. The Kondo filtering breaks down as a result of this 
competition, while the DCS increases exponentially. 
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Abstract 


To model the parameters of galaxies by classes of evolutionary morphology, it is proposed 
to use series of integer prime numbers. As among spiral galaxies in the direction of rotation, 
in nature there are only two types of integer primes: right-handed and left-handed 
asymmetries. This similarity made it possible to prove that the arms of spiral galaxies are 
sources of gravitational waves. In the plane of a galaxy of the SBd type, it is necessary to 
measure the coordinates of large stars’in the spiral arms, which will provide statistical 
material for identifying finite-dimensional series of integer primes. An evolutionary 
classification scheme for galaxies that change their average density from a cloud of 
hydrogen to a void is proposed. The transitions between classes occur according to two 
processes: growth according to the exponential law of the average density of visible matter 
and dissipation of the same matter according to the Mandelbrot law with an additional 
damped oscillation. For a hydrogen cloud (class 0), dissipation of matter occurs in helium. 
The helium concentration becomes a quantitative characteristic for different primary 
clouds of hydrogen. For the first class (spiral galaxies with network arms in gas and dust 
clouds with stars), the detector is chlorine. For galaxies of the second class (existing types 
SBd, SBc, SBb, SBa), nitrogen is clearly distinguished as a detector. In classes 3-11 of the 
evolution of galaxies, the average density refers not to chemical elements, but to sets of 
chemical elements of space objects. 


Keywords: series of integer primes, similarity, asymmetry of galaxies, classes, network 
arms, evolution, average density, class transitions, patterns. 
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1. INTRODUCTION 

In the string theory of mathematical physics, there are five fundamental in- 
teractions in our Universe of a type I cosmic string (URL: https://new-sci- 
ence.ru/pochemu-astronomy-zainteresovan y-v-gravitacionnyh-volnah/), 


In this article, instead of the open first fundamental cosmic string, it is pro- 
posed to use series of integer primes [15] of different cardinality (the number of 
negative and positive primes, as well as additionally zero). Such a replacement 
makes it possible to carry out a physical (according to the chiral asymmetry of 
life in space) classification of galaxies. We have created this classification based 
on the nonlinear evolution of galaxies, in the direction of rotation belonging to 
the right-sided asymmetry of galaxies. 

In the future, by measuring the parameters of specific spiral galaxies, it is 
possible to identify the distribution of large stars in the arms, and then to identify 
the set of regularities of the cosmic string, which contains the main linear law 
and additionally the equations of asymmetric wavelets. Apparently, these asym- 
metric wavelets are formulas for the oscillatory adaptation of galaxies in the 
course of their evolution in the Cosmos in the form of a series of gravitational 
waves of different amplitudes and oscillation periods. 


2. MATERIALS AND METHODS 


In mathematical physics, we adhere to the concept of Rene Descartes on the 
need for a direct application of the general algebraic additive equation as the 
final mathematical solution of unknown differential and integral equations. Gen- 
eralizing the set of examples, including in the form of a list (space) of space 
objects [7, 8, 13, 18, 19] located in the same section of time, we proposed a new 
class of wave functions [11, 12, 20] in the form of asymmetric oscillations hav- 
ing variable amplitudes and periods of oscillatory perturbation. 

An asymmetric wavelet signal, as a rule, of any nature (object of study) is 
mathematically written according to the wave formula [12] of the form 


m 


y=>oy, » ¥; = A cos(x/ p; — a,;), 


t=] 

A, = aX EXp(-4y,X"") , Dj = Ag + 46,X", (1) 
where y —is the indicator (dependent factor), i — is the number of the compo- 
nent in the model (1), 7 — is the number of components in the model (1), x - 
is the explanatory variable (influencing factor), a,...a, — are the model parame- 
ters that take numerical values in the process of structural and parametric iden- 
tification according to statistical data measurements of galaxies in the CurveEx- 
pert-1.40 software environment [2] (URL: http://www.curveexpert.net/), A, —is 
the amplitude (half) of the asymmetric wavelet (axis y ), p, — is the oscillation 
half-period (axis x). 
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According to formula (1) with two fundamental physical constants e (the 
Napier number or the number of time) and zw (the Archimedes number or the 
number of space), a series of quantized asymmetric wavelet signals is formed. 

In our example, these are the quanta of the behavior of a spiral galaxy from 
the moment a stretched comic string arises (over time, during evolution, loosen- 
ing of the arms appears in the form of oscillations with increasing amplitude, 
and then the amplitude of oscillations decreases to form a spherical shape and 
the gradual scattering of this spherical galaxy in the Cosmos to void density). 

The concept of an asymmetric wavelet, which differs from the known clas- 
sical symmetric wavelets, allows one to abstract from the physical meaning of 
Statistical series and consider their additive decomposition into components (be- 
havior quanta). The general equation (1) is obtained as a sum of wavelets, and 
all components of this general model are sequentially distributed in the form of 
non-multiple fractals according to the Mandelbrot law. 

Relationships between the fundamental laws of physics and series of prime 
numbers were considered by us in the article [16]. As a result, following the 
remarks of Stephen Hawking [5] about the need to predominate the description 
of the physical entity over mathematical calculations, in this article only the for- 
mulas of the series of integer primes necessary for astrophysics have been given. 
Details about integer primes are given in the book [15]. 

Galaxies are peculiar signals that astrophysicists have not yet learned to fully 
decipher. A signal is a material carrier of information. And we understand infor- 
mation as a measure of interaction between physical objects. The signal can be 
generated, for example, by galaxies, but it is not necessary for a person to receive 
it. 

A signal can be any physical process (or an object in the form of a phenom- 
enon) or part of it. It turns out that the change in the set of unknown signals has 
long been known, for example, through the series of measurements of galaxies 
according to the classification of Edwin Hubble (the Hubble sequence). Accord- 
ing to the measurement results, even atlases have been created [1, 6]. However, 
there are still no models for the distribution of large stars inside the arms of spiral 
galaxies, although a system of celestial coordinates has long been created. 

In essence, the loosening of the arms of galaxies due to a change in the lo- 
cation of large stars becomes a source of gravitational waves. This is proved by 
the fact that the series of integer primes [9, 10] have a linear basic law of the 
cosmic string and additionally asymmetric oscillations of gravitational waves, 
which determine the block structure of the series of primes. Moreover, it turned 
out that with an increase in the power of a series of prime numbers, a transition 
from regularity to chaos gradually occurs [10]. The expansion of prime numbers 
from the decimal system in the binary system relatively easily proves the Rie- 
mann hypothesis [14-16] about the real root 1/2. 

Under the condition a, -> % , wave (1) turns into a nonlinear change in half 


the amplitude. The result is an asymmetric trend. The amplitude y = A at a, =0 


“979 


and a, =1 turns into the well-known law y = a, exp(-a,x) of Laplace (in math- 


ematics), Mandelbrot (in physics), Zipf-Pearl (in biology) and Pareto (in econo- 
metrics). 

It seems to us that a cosmic string [21] exists according to the Mandelbrot 
law: at a certain zero moment, an energy explosion occurs and a cosmic string 
instantly appears in the Cosmos inside a gas and dust cloud. Then, according to 
the exponential Mandelbrot law, the string energy slowly decreases to zero. 
When approaching zero, a void is formed, for example, in the form of the super- 
void of Eridanus. 

Under the conditions a, =0, a, =0 and a, =1,a simple equation y = ax 
is formed to describe the axis of symmetry (a cosmic string stretched along a 
straight line for the origin and development of a galaxy) of a spiral galaxy with 
two symmetrical arms. Moreover, the structure of the arms of the galaxy is 
formed in the form of residues from the equation y =ax. 

These residuals are further modeled by wave equations, the number of which 
increases with the power of a series of integer primes. This fact will make it 
possible to reveal the power of a finite-dimensional series of integer primes after 
identifying, using measurement data, a specific spiral galaxy of the SBd type, in 
which the matter from the arms has not yet flowed into the bar, and then into the 
bulge of an already mature galaxy. 


3. RESULTS AND DISCUSSION 


3.1. Series of integer primes 

3.1.1. Construction of two mirror-asymmetric series of integer primes. 
The series of integer primes [9, 10, 15] is symmetric with respect to O and infi- 
nite-dimensional in the negative and positive ends of the series. The study of the 
properties of the positive part of the full series of integer primes showed a clear 
geometry through the block structure and gave patterns of distribution of primes 
over blocks. 


Then a series of integer primes can be considered as follows: P, EZ, where 


P, -—aseries of integer prime numbers in a set Z integers. In a row P, the 
abscissa is taken as a complete __ series of integers 
Z ={- 0 ,...-4,-3,-2,-1,0)1,2,3,4,...,00}. 

If we supplement natural numbers with “+” or signs, then we will get 
integer numbers Z with center 0 and edges + along the abscissa axis, and 
integer prime numbers along the ordinate axis, also with signs “+” (prime num- 
bers) or "- "(negative prime numbers). 

From Table 1 and the graphs in Figure 1, it is clear.that in nature there are 
only two types of integer primes: right-handed and left-handed asymmetries. 
They have a chiral character due to the fact that the direction of the abscissa axis 
in both types of infinite-dimensional and finite-dimensional series of integer 
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primes remains unchanged, and the directions of the ordinate axis become mirror 
opposite. 


Table 1. Two types of series of integer primes 


Kind A of integer primes Kind B of integer primes 
(right-sided Rsa asymmetry) (right-sided Lsa asymmetry) 
2) = a. a ae: ee ae ee - e 


ert TE ET PAE 
wo CLELLT ET EET 


Integers 
Figure 1. Graphs of two types (right A and left B) of series of integer primes 


Apparently, the chirality of the living world in the Universe is characterized 
by an almost mirror reflection between types A and B, in Figure 1, for series of 
integer primes [15]. Regarding the common x-axis of integers, this property of 
chirality is quite simple: chirality is formed only by changing the sign (ffom 
positive to negative or vice versa) in front of an asymmetric wavelet (1). 

3.1.2. Finite-dimensional right-hand series of prime integers. All galax- 
ies in space have specific sizes and shapes. Measurements of galaxies, for exam- 
ple, in the plane of the galaxy, calculating the coordinates of large stars in spiral 


Bye 


arms, will provide statistical material for identifying finite-dimensional series of 
integer primes. 

Next, we will study the symmetrical series of type A from Figure 1. 

Consider an example of a finite symmetric series of integer primes (Table 
2). This example was compiled according to the computational capabilities of 
the CurveExpert-1.40 software environment [2]. It can only contain a little more 
than 3300 lines for parameter value pairs x and y. According to these data, it 
becomes possible to identify the model (1). 

In a series of primes, the power of a series N shows the total number of 
terms, and in a symmetric series of integer primes, the number of pairs of primes. 
Then the cardinality of a series of integer prime numbers will be equal to 2n +1 


- Table 2. Finite-dimensional series of integer primes With the total 
‘ with cardinality » = 16500 PC. (fragment) > number 2n +41 in 


Left edge | Center ' the example of ta- 
symmetry : ble 2, together 
| _ with zero, there is 
| -16500 | -182057 | -3_| [ete 2 |e | 216500 1 
| - 33001 a prime in- 
| [16498 | -182041 | -1 6496 | 182027 | teger. A larger 
: - number of pairs of 
[16496 | -182027 | 1 | 1 | 16498 | 182041 |: numbers Z and 
[16495 [-ig2011 |2 [2 | 16499-| 182047] 'p does not fit in 
| eae a 


CurveExpert-1.40 software environment. 

The origin of coordinates is clearly defined at the point (Z=0, 
P, =0). This is a point of singularity due to the fact that, according to the ex- 
isting definition of a prime number (the second property of dividing by itself), 
division 0 / 0 occurs. 

At the same time, according to the first property (division by 1), it turns this 
point into zero. 

A definition is known that a prime number is a natural number 
N ={0,1,2,3,4,5,6,...} that has two natural divisors: one and itself [15]. But, when 
zero is included in the series of integer primes, division by itself has no physical 
meaning (it is required to mathematically reveal this uncertainty through the 
study of a singularity at the center of a black hole located approximately in the 
center of the galaxy). 

Therefore, for series of integer prime numbers, we exclude the second con- 
dition and leave the following definition: 


A prime integer is an integer that is only divisible by 1. 


Table 2 also shows that the center of symmetry is determined by seven inte- 
ger prime numbers. In this case, the negative semiaxis O(-0), -1, -2 and -3 ... is 


- 275 - 


directed to the left, and the positive semiaxis 0, 1, 2 and 3 ... (for a number of 
prime numbers) is directed to the right. 

The signs give what we believe to be Stephen Hawking's arrow of time [5] 
from left to right when moving from negative to positive integers. Apparently, 
at the same time, types A and B, for series of integer primes, determine the chi- 
rality of cosmic life. For terrestrial biological objects (we have proved the cor- 
respondence of the series of Fibonacci numbers to the series of prime numbers) 
in our Milky Way Galaxy, right-sided asymmetry is observed. 

Then it turns out that right-handed finite-dimensional series of integer 
primes can describe any galaxies rotating clockwise. 

We also note that, according to the results of our research, the numbers 0, 1 
and 2 belong to the critical prime numbers in the series of primes. It was they 
who prevented mathematicians for more than 2200 years from finding the distri- 
bution law in the traditional Gauss series: 2,3,5,7,11, ...in the decimal number 
system. But Gauss nevertheless removed one critical number 1, but apparently 
did not dare to exclude the number 2. In a well-known film on the history of 
mathematics, one of the mathematicians known to his contemporaries said that 
his favorite number is 2, since this is the only even number in the series of prime 
numbers. But now we can say that there are even numbers in the series 0, 1, 2, 
3,5, ... even two - zero and two. And taking into account the scale of integers, 
even three such even numbers appear: -2, 0, 2. 

A non-critical series of prime numbers begins with the number 3, and it al- 
lows you to identify highly adequate (statistical, with a correlation coefficient 
close to 1, that is, with some error due to real values of the ordinates) mathemat- 
ical patterns. 

The sign does not change the essence of the numbers themselves, but only 
relates them to different "worlds" (negative or positive), therefore, symmetri- 
cally on the left half-axis 0 (-0), -1, -2, -3, ..., - critical primes are also located on 
the left numbers 0, -1 and -2. 

Therefore, a non-critical negative series — P, begins with the number -3, 

We note here that the analog of the event horizon in front of the black hole 
in the center of the galaxy is located on the boundary of the sphere -1,0, +1 from 
the inside (in Table 2, the core of the center of symmetry is highlighted), that is, 
under the condition + P, 1. And the rational number 1/2, or the real root of 


the Riemann zeta function [14, 16] (according to the well-known Riemann hy- 
pothesis or Hilbert's 8th problem) is through for the entire series of integer 
primes. This real root appears when translating prime numbers from the decimal 
number system to the binary system [16], and the critical Riemann line is clearly 
defined by the second vertical of the binary expansion. 

Many spiral galaxies contain more than two arms. For example, the Milky 
Way contains at least three pairs of arms. Then our Galaxy can be described by 
at least three rows of integer primes, which are located with rotation and dis- 
placement of three systems of rectangular coordinates. For cosmology, we called 
each series of integer primes proston (from the Russian word "simple”) - as a 
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unit of measurement in the general case of a set of finite-dimensional series of 
integer primes that are displaced from the center or rotated relative to each other. 

With a parallel shift relative to each other of two finite-dimensional prostons 
relative to one position in two series of integer primes, an increment is deter- 
mined. In our opinion, the distances between large stars in the arms of a spiral 
galaxy, starting from the point of docking of the arm to the bar or then to the 
bulge, are determined by this increment, which is equal to an even number in 
different groups. Moreover, each group of prime numbers on the right side of a 
series of integer prime numbers always begins with the number 2, which deter- 
mines pairing in most developed forms of life. 

3.1.3. Center of symmetry of the right-hand series of integer primes. 
Figure 2 shows a graph of the center of symmetry of a series of integer primes 
from seven points. 
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ality P, =Z is observed when the power of pairs of integer primes n =1 v 2 v 3 


or the total number of members of a series of integer primes is 2n +1 = 3V5V7. 
Thus, at the center of symmetry, prime numbers (their numbers are also prime 
numbers) coincide with the values of the initial elements of the scale of integers 
and natural numbers. 

This center of symmetry is unchanged for any power of a symmetric or 
asymmetric (with the inclusion of the center of symmetry) series of integer 
primes, including the condition n — © for Cantor's understanding of the types 
of infinity. It is a kind of start of a change in disproportion. Moreover, this start 
occurs from a proportionality coefficient equal to 1, and continues to infinity. 

Inside the spherical shell of the center of symmetry (in Table 2, the shell is 
located behind the selected core of three numbers, and the sphere is formed by 
turning the slope of the symmetry line from an angle z/4 up to 360 degrees) 
there are three fundamental constants (harmony numbers - the golden and silver 
proportion, the number time or Napier number). 

Thus, from the point of singularity 0 there is a complex and yet mathemati- 
cally incomprehensible extension (within the framework of rational integers) to 
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the boundary of the kernel [-1, 0, +1]. Rational (fractional) prime numbers are at 
work here. Then in the spherical shell [-3, -2, ...,2, 3] thereis a leap of harmony 
[15] through the number of time or the Napier number. As a result, the properties 
of integer primes unite the achievements of physics and mathematics and there- 
fore become an incentive for further in-depth complex physical and mathemati- 
cal research. - 

In theoretical astrophysics, galaxies become objects of study. 

However, paper [3] shows the existence of a runaway supermassive black 
hole, which was identified by impacts and star formation on its way in the me- 
dium near the galaxy. When star formation starts, a supermassive black hole is 
ejected from the galaxy at high speed. The reason for the ejection, in our opinion, 
is the very highasymmetry of star formation between the two arms of the galaxy. 
After the ejection, only the arms of the galaxy remain. 

As a result, in space there are isolated supermassive black holes correspond- 
ing to the center of symmetry shown in Figure 2, as well as galaxies in the form 
of isolated arms. The latter are subject to series of non-critical primes starting 
from the number 3. 

3.1.4. The basic law of distribution of integer prime numbers. The line- 
arity of the basic law of distribution of a series of integer prime numbers of any 
cardinality of the series is geometrically interpreted as follows. 

Rows of integer prime numbers of the form A (right-sided asymmetry) form 
a kind of core of the entire distribution structure, bypassing the special properties 
of the sphere -1, 0, +1 and the abrupt transition to harmony inside the shell -3, - 
Liiny eds 

In the triad -1, 0, +1 there are distinguishing features that are still unknown 
to us. In the spherical shell [-3, -2, ..., 2, 3] there is a qualitative leap from the 
singularity for a harmonic distribution from a prime to two (right and left) non- 
critical series + Py.35711,.- 


t forward a hypothesis that a finite-dimensional non-critical series (without 
a center of symmetry) characterizes the types of galaxies in evolution after the 
elliptical and spherical shapes. Apparently, irregular galaxies of the Irr class are 
characterized by non-critical series of integer primes after the exclusion of the 
supermassive black hole from the galaxy, and then the bulge and bar. In the Hub- 
ble sequence (https://science.fandom.com/en/wila/Hubble_Sequence), IrrI- 
type galaxies show the remnants of a spiral structure, and IrrII have a com- 
pletely irregular shape. In our opinion, in the future there is a complete scattering 
of the matter of the galaxy before the void: the cycle of the emergence and ex- 
istence of classes of galaxies ends. 

Based on induction on a set of particular examples, one can generalize the 
law of distribution of series of symmetric integer primes in the form of a basic 
mathematical expression 


P, =a(n)Z , 
(3) 
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where a(n) — is the slope coefficient (of the axis of the series as a mathematical 
analogue of the cosmic string [21]) of asymmetrical series with the power 7 of 
a series of pairs of integer primes. 

This is the main parameter of any series of integer primes, including sym- 
metric and asymmetric series. Asymmetric series in formula (3) have a constant 
term that has a clear geometric meaning (but the astrophysical meaning is not 
yet clear). 


The ratio of an integer prime number (ordinate) to an integer (abscissa) gives 
the tangent of the angle @ of inclination of the axis of a series of integer prime 
numbers to the abscissa axis Z according to the formula 


tgw=P,/Z=a(n). (4) 


From expression (4) and the graph in Figure 2, we notice that the lower limit 
of the angle of inclination of the symmetry axis of the series will be 45° or 
Ani, = 1/4. Under the mathematical condition n > ©, it willalso be P, >, 
therefore q,,,, 2/2. Then the interval of change of the slope coefficient of 
the axis of the entire symmetrical series of integer primes will be equal to 
a(n) = {1,} , and the interval of the angle of inclination of the axis of this entire 
series will change within a = {7/4,7/2}. 


3.2. Physical interpretation of series of integer primes 

3.2.1. Right sided spiral galaxy. As mentioned earlier, one proton shows 
one cosmic string of the Universe. Many protons from the same point with dif- 
ferent turns give many strings with the same center. And the point distribution 
of residuals (Fig. 3) from the linear law (3) shows similarity with one symmet- 
rical pair of arms in spiral galaxies [17]. 

For a symmetrical series of integer primes with the power n = 100 of a series 
(Fig. 3) of pairs (for the measured parameters of an SBd galaxy. 


400 800 00 ry) wo = oo : 
Remains of the model (5) series n = 100 : Galaxy M109 [1] 

Figure 3. Comparison of the plot of residuals from (5) and a galaxy with right-hand 

asymmetry 
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It is sufficient to register the coordinates of 100 bright stars in each arm), the 

equation 
Pyigp = 4:87381Z . (5) 

In the photo of the M109 galaxy, it is noticeable that the bar is gradually 
turning into a bulge, which is why the central part of the galaxy is moving into a 
new shape, moreover, due to the twisting of the arms and the flow of matter from 
the periphery to the center. 

3.2.2. left handed spiral galaxy. In the form B of series of distributions of 
integer prime numbers, as shown in Figure 4 for the power of a series of pieces 
n=100 ,a left-hand arrangement of arms is formed along the proston line (cos- 
mic string) 


Bro = A 8TSB1Z (6) 


Then we notice that the right cosmic linear string has a positive sign before 
the law of distribution of integer primes, and the left asymmetric linear cosmic 
string gets a negative sign. 

As can be seen from Figure 4, the Whirlpool galaxy has a clearly defined 
bulge, so it is older than the M109 galaxy in Figure 3. Then a series of residues 
from a series of integer primes will characterize a spiral galaxy with arms oscil- 
lating gravitational waves without a bridge and a bulge. Changes in the central 
part of the galaxy occur in the course of evolution from the initial cloud of hy- 
drogen to the final void. 


yg 


Remainders of (6) series 
of integer primes n = 100 
Figure 4. Remnants of the (6) axis of left-sided asymmetry and the Whirlpool Galaxy 


Whirlpool! Galaxy [1] 


Any symmetric series of integer primes in terms of its remainders from the 
main distribution law contains a pair of oppositely located arms of spiral and 
other types of galaxies. Apparently, in all types of galaxies there are sleeves, 
which, due to the lower density of stellar mass, are less noticeable in lenticular, 
elliptical and other types of galaxies. In our opinion, the arms of irregularly 
shaped galaxies are less subject to the cosmic string. It is logical to assume that 
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scattering galaxies are also present in voids, in which the matter mass density 
becomes less than 10% of the average density of the Universe. 

This property of the appearance of arms from the action of a cosmic string 
opens up wide mathematical possibilities for statistical modeling of a set of 
measured parameters for specific, primarily, spiral galaxies with narrow bars of 
the SBd type. 

At the same time, a galaxy with two arms, ideal for measurements, is formed 
by a single cosmic string, while the arms have a filamentous structure (in the 
form of a macrame with star formation nodes). Then the sleeves gradually twist 
and loosen, the substance from the sleeves begins to create and thicken the strip. 
Loan central bar goes into bulge. After the sleeves, the galaxies turn into outer 
rings. But a small amount of the mass of matter remains in the arms of other 
types of galaxies, which are barely visible to modern telescopes. 

3.2.3. Right-sided 
asymmetry of the Milky 
Way. Our galaxy rotates 
clockwise. Due to difficul- 
ties in measurements, Figure 
5 shows a modern model of 
the structure of the Galaxy. 

Four pairs of arms are 
clearly visible in this figure, 
indicating multiple absorp- 
tions of smaller galaxies. 
One gets the impression that 
all the absorbed galaxies 
also had right-sided asym- 
metry. As a result, a con- 
sistent and complex con- Figure 5, Model of the Milky Way 
struction was formed, which 
we will not place in the classification scheme. 

Figure 6 shows several candidates that have been put forward as surrogates - 
for the Milky Way: NGC 891 (edge) and NGC 3124, NGC 3992 or NGC 2336 
(face to face) are possible examples. Disputes continue about whether the Gal- 
axy has two or four spiral arms, whether they are asymmetric or not. Even the 
structure of the central bar is discussed [1]. 


~ 28] - 


Sc(rs) Sb(r) Sb(r) SBb(rs) 


NGC 1232 NGC 1288 NGC 6384 NGC 3992 
SBbc(r) SBbe(r) SBet(rs) SBbe(r) 
& a » 
‘ oT 4 . % ‘ 
r ad - é ® " ' 
NGC 3953 NGC 3124 NGC 2835 NGC 2336 


Figure 6. A selection of galaxies similar to the.Milky Way (Efremov, 2011 [4]): NGC 
3992 may be closest to the Galaxy 


Complex mergers of galaxies of different classes are not discussed in this 
article. 

3.2.4. Merger of oppositely directed galaxies. Of greatest interest in future 
research will be the merger of two spiral galaxies that rotate in opposite direc- 
tions (URL: https://zen.yandex.ru/media/id/Scadee0a906b9 100624295 2a/iz- 


chego-sostoit-nasha-vselennaia-5cff20f5fa | 5f800b09723c4), having right and 
left asymmetries (Fig. 7), and the process will be studied until their complete 
merging. 


Figure 7. The merger of two galaxies (on the left - a galaxy of the right asymmetry, on 
the right - a galaxy of the left asymmetry) 
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In this crisis collision of galaxies rotating in different directions, due to the 
small size on the left, there will be a complete annihilation of this small galaxy 
with right-hand asymmetry. 

The Milky Way and Andromeda both have right-sided asymmetry, so their 
merger will most likely occur smoothly, without destruction of structures in both 
large galaxies, It may also turn out that the same asymmetry will cause them to 
calmly miss each other. 

3.2.5. The fundamental law of the series and its wave complements. Let's 
start statistical modeling with a small number of pairs of integer primes. 

To do this, we complement the seven values of the center of symmetry in 
Figure 2 with two integer primes at both ends of the series (negative integer 
primes -5 and -7, as well as positive prime numbers 5 and 7). Then we get a 
finite-dimensional minimal series of integer primes with "sleeves" with the car- 
dinality of the series 2n+1 = 11. 

For this series, we obtained (Fig. 8) the basic formula for the cosmic string 


P, =1,25455Z.. (7) 


Then, to model (7), we supplement a series of wave functions in the form of 
a sum of wavelet signals [7, 11, 14,20], which can be consistently identified up 
to further indivisible residues of the additive expansion of a finite-dimensional 
series of integer primes. 
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Model (8) of three components Leftovers after model (8) 
Figure 8. Wavelet plots for a series of 11 integer primes 


For the condition n = 0, we obtain the uncertainty (Z = 0;P, =0 ) at the 
center of the kernel of the series of this piece of the series of integer primes. 

For cases n=1v 2v3 near the center of symmetry of a series of integer 
primes, we have a(n)=1. The angle of inclination of the row axis here is 
uniquely determined by the value 7/4 .The wave shift from the linear model of 
the coefficient of proportionality a(n) begins under the condition n > 3. 

Due to the small number of points, the software environment [2] gives a 
correlation coefficient equal to one, according to the general formula (Fig. 8) 
with two additional wave functions (or asymmetric wavelet signals) to the main 
law 

P, = 3,7095 1Z -13,48069exp(—0,000726447) 
x cos(7Z /(15,05868 - 0,015492Z) — 1,57092) + 
+0,15903exp(—0,0041993Z) cos(xZ /(1,82978 — 0,0023529Z) -1,58502). (8) 


The introduction of two wave equations changed the value of the propor- 
tionality coefficient from 1.25455 for formula (7) to 3.70951 for equation (8). 
These wave equations, in our opinion, characterize gravitational waves from os- 
cillatory disturbances from large stars in galaxy spirals. Even accounting for 
sleeves of two primes changes the proportionality factor by 3.70951 / 1.25455 = 
2.957 times. Then it turns out that the arms have a huge fraction of the mass- 
energy of the entire galaxy. For example, in our Galaxy, stars were found that 
are up to the middle of the distance from the Milky Way to Andromeda. Then it 
turns out that the invisible parts of the long arms of two neighboring galaxies 
have been interacting in the course of evolution for a long time. 

Wavelet analysis of even a short series of integer primes can be continued 
further along the remainders of the previous components. However, the 
CurveExpert-1.40 software environment does not allow simultaneously identi- 
fying a general equation with more than 11 model parameters using 11 pairs of 
numbers. In addition, in the series, even with 101 pairs of integer primes, the 
number of components of the general model (1) increases significantly, however, 
the CurveExpert-1.40 software environment can jointly identify components 
with a total number of model parameters of no more than 19. To work with all 
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the parameters of galaxies, a computing environment is required on supercom- 
puters. 

In both perturbation waves in model (8), from the main law of the line slope 
from the center of a series of integer primes, half of the amplitude decreases 
according to the law of exponential death (Mandelbrot's law), and the half-period 
decreases from some constant value. At the same time, the initial value of the 
slope tangent increased from 1.25455 in formula (7) to 3.70951 in formula (8), 
that is, almost three times. 

Thus, changing the number of members of the statistical regularity also 
changes the values of model parameters of type (3). Therefore, a special software 
environment for a supercomputer is needed, which allows one to simultaneously 
identify a complex model containing more than 100 members and more than 
1000 parameters on large series of prime numbers (at least up to a million rows). 

As a result, purely speculative fundamental strings [21], now having only a 
hypothetical character, with the use of finite-dimensional series of integer primes 
in the evolutionary classification of galaxies, turn into objects of experimental 
research in astrophysics. 


3.3. Evolutionary classification of galaxies with right-sided asymmetry 

The introduction of the shape of galaxies in the form of remnants from the 
impact of a stretched cosmic string makes it possible to reverse the schemes of 
existing classifications (the Hubble sequence, the multilevel morphological clas- 
sifications of Vaucouleurs, Berg, and others). We have proposed a one-level evo- 
lutionary classification of galaxies (Table 3), showing the cycle from the origin 
to the dissipation of galaxies. 

We offer two identical (so far) classification systems: 

I) Rsa - classes of right-sided asymmetry of galaxies; 

II) Lsa are the classes of left-sided asymmetry of galaxies. 

At the current level of astrophysics, both systems are assumed to be equal 
(independent nonlinear evolutions of galaxies), so let's consider the Rsa classifi- 
cation. 


Table 3. Classes of evolutionary morphology of galaxies with right-sided asymmetry 


Spiral galaxies with a bar and two arms 


4 
| 5 [Ring galaxies with mergingarms [RU 

7 
| 8 


iptical and globular galaxies £7 ,E6,ES ,E4,E3 ,E2,E1,FO 


| 9 |Nuclear-free galaxies (arm remnants) {AC12, AC9-AC1 
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Scattering galaxies (irregular shape) _ 


Supervoid Eridani 


In the proposed classification, it is necessary to search for spiral galaxies 
with network filamentous arms that coincide in shape with the outlines of the 
remnants after the basic law of a finite-dimensional series of integer primes. Net- 
work wide and filamentous narrow arms are considered by us according to the 
catalog of images obtained by the James Webb telescope (galaxies as photo- 
graphs by the James Webb telescope). 


3.4. Examples of galaxies from the James Webb telescope 
Astronomers have been amazed by the complex networks of, gas and dust in 
a nearby galaxy detected by NASA's James Webb Space Telescope (Figure 9). 


TF .~t% 


Figure 9. Dust lanes of spiral galaxy [C5332 (Photo: NASA / ESA / CSA / Judy 
Schmidt, CC BY 2.0, https://mymodernmet.com/james-webb-spiral-galaxies/) 


This galaxy has a left-sided asymmetry, and the image shows that the dust 
lanes are the beginnings of spiral arms. Moreover, there are many more devel- 
oping spiral arms in comparison with the two classical arms, and they do not 
have large angles of contact with the center. There is no bar in the center of the 
galaxy yet. Therefore, this construction, according to the classification scheme 
from Table 3, belongs to the first class of galaxies. At the same time, it belongs 
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to the initial types of the first class with a pronounced gas and dust cloud and a 
small number of stars. 

Figure 10 shows two galaxies, NGC 7496 and NGC 628, located near the 
Milky Way Galaxy, which were imaged using raw data collected together by the 
James Webb Space Telescope (JWST)  (ttps://in.mashable.com/sci- 
ence/35472/james-webb-space-telescopes-raw-data-used-by-scientist-to-form- 
images-of-two-spiral-galaxies). 

The diagram of the construction of the galaxy is already closer to the end of 
thefirstclass due to the fact that two strongly loosened arms were formed. More- 
over, a relatively small bar is visible in the center, which will grow and then this 
galaxy will move into the second class “Spiral galaxies with a strip and two 
arms”. The galaxy in figure 10 belongs to the right-handed asymmetry. 

These two examples show that the class numbers, in fact, show the condi- 
tional time of the evolution of galaxies. However, we will not touch on the issue 
of galaxies of the early age of the Universe (deeper than 12.2 billion years ago), 
since it is clear that both considered examples refer to galaxies close to the Milky 
Way. Therefore, we believe that the age of the Universe, and even more so the 
Big Bang theory, have nothing to do with the process of evolution of individual 
galaxies and their clusters. 


> 


Figure 10. Two galaxies, NGC 7496 and NGC 628, near the Milky Way galaxy were 
captured using raw data collected by the James Webb Space Telescope (JWST) 


Each galaxy is so peculiar that it develops as if on its own, independently 
organizing itself inside clusters and superclusters of galaxies in the Universe. 
Therefore, each galaxy is a kind of cosmic organism, which forms some kind of 
cosmic populations in the form of clusters. In physical essence, the strike of a 
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cosmic string in a cloud of hydrogen becomes a kind of Big Bang for each newly 
emerging galaxy in the Universe. 

Due to the left and right asymmetry, galaxies have the property of chirality, 
so each galaxy is a biologically unique cosmic organism. But the asymmetry 
makes it possible to distinguish among all galaxies two sets Rsa and Lsa, the 
study of which, even in tertns of their abundance in different regions of the Uni- 
verse, is undoubtedly of great scientific interest. 


3.5. Evolution of galaxies by transitions between classes 

Let us take the galaxy class scale according to Table 3 as a conditional time 
scale. 

Then the evolution of galaxies can be quantified by some parameters. For 
example, consider the classes of galaxies according to the average density of 
comic objects (Table 4) (URL: https://www.calc.1u/169 html 


https://www.calc.ru/169. html). 


Table 4. Average density of space objects by galaxy classes 


kg/m? of ten galaxies 
- 
| Cluster of galaxies | S725 | 242 TOT 
[Globular cluster | SS 4-18 | 174 | 8 


According to Table 4, we will take five classes of galaxies as the abscissa, 
and the power of ten according to the base of the decimal logarithm as the ordi- 
nate. 

First, a two-term model was obtained (Fig. 11) of the form 


User-Defined Model: y=-a*exp(-b*x)-c*exp(d*x). (9) 
Coefficient Data: 
a = 2.36068821047E+001 b = 5.08551989924E-002 c= 6.75166043655E-003 
d = 6.91012212625E-001. 


9.31.1791691 
te0.s00aTTs r= 0.0174 


ae ae 
oP of 
oO 


pF ot? 
nas a? _ 
aps a? 


ats 20 40 60 BA 10.4 124 aa 0.0 20 an 60 BA 10.1 124 


Model (9) of two components. Model (10) of the third component 
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Figure 11. Graphs of 10y changes in the density of space objects depending on the class 
of galaxies (in the upper right corner: S - standard deviation; 7¢ - correlation coeffi- 
cient) 


Model (9) contains two physical Mandelbrot's laws and has a level of 
adequacy "superstrong connection" with a correlation coefficient of 0.9867, 
greater than the level of 0.95. 

The third component of the general model (which cannot be combined due 
to the small amount of data) is the wave equation with a correlation coefficient 
of 0.99999 (almost close to 1) with an amplitude decaying according to the Man- 
delbrot law (Fig. 11) according to the formula 


User-Defined Model: y=-a*exp(-b*x)*cos(pi*x/c+d). (10) 
Coefficient Data: 
a= 1,58746236411E+000 b = 4.76808028491E-001 c = 1.86990158717E+000 
d= 1.19244505433E+000. 


It is known that a necessary condition for the formation of galaxies is the 
presence of inhomogeneity in the distribution of the mass-energy density in the 
Universe. Galaxies could arise in those spatial regions in which there were suf- 
ficient density fluctuations. 

Then equation (10) characterizes the dynamics of the conditions for the 
emergence of galaxies. From the graph of the third component, in Figure 11, it 
can be seen that in classes 0-5, the strongest oscillatory disturbances arise in 
amplitude (Table 5). 

On the graphs of Figure 12, the first component shows an increase in the 
average density of a space object, that is, it characterizes the materialization pro- 
cess in terms of the complication of the chemical composition of visible matter 
in the Universe. 

The second component, on the contrary, characterizes the process of de- 
creasing the average density with increasing galaxy class code, that is, the pro- 
cess of dissipation and simplification of the chemical composition of visible mat- 
ter. In both processes, hydrogen with a density of 0.0899 kg/m? can become the 
beginning and end. 

The antilogarithm of the power -0.01 from Table 5 for the second component 
gives a value of 0.977 kg/m? of the average density for the zero class. Only two 
chemical elements have a lower density: neon 0.84 kg/m? and helium 0.17 kg/m?. 
Neon is an inert gas and therefore hardly participates in the dissipation of cosmic 
matter. 


Table 5. Degree 10y and average density of galaxy classes according to models (9) and 

(10) 

Gal Powers of 10 Dissipation of matter General 
apace Density, Chemical power 

element (gas) of ten 


class Mi | Yo | Ys | Yat Ys kg/m? 


0.10 


0.14 | -007 | 085 | _- | -1838_| 
17.40] -043 | -002 | 045 | _035__| _- | -1785_] 
1634 [08s [00s | -o90 {04g [tra 
[-15.72 | -1.70 | 0.02 | -168 | 0.02, | - 17.40 | 

94 | -3.39 | 0.02 


eee, 
[oor | 6.78 1257 [| - | 2097 
oe 


3.1e-14 


-27.00 


Galaxy class codes 


—jl —y2 y3 —y 


Figure 12, Graphs of changes in the density of space objects depending on the class of 
galaxies 


Due to inhomogeneities in the average density of space objects, the disper- 
sion of matter occurs taking into account additional fluctuations in the perturba- 
tion of the density of the first 0-5 classes of galaxies in the third component. 
Therefore, the dissipation of cosmic matter in the transition from class to class 
of galaxies is determined by the sum y, + y3. 

Table 5 shows the calculated values of the dissipation of cosmic matter in 
sum y, + y3 for the power of 10 antilogarithm. This table also shows the average 


densities for each galaxy class. For a hydrogen cloud (class 0), it turns out that 
the dissipation of matter occurs only in helium. In this regard, for the zero class, 
we can offer an indicator - the concentration of helium in a cloud of hydrogen. 
This indicator becomes a quantitative characteristic for different primary and 
secondary clouds of hydrogen. 

For the first class (spiral galaxies with network arms in gas and dust clouds 
with stars), four chemical elements (gases) with a density less than the critical 
value of 8.71 kg/m? can become detectors: xenon Xe 4.49; krypton Kr 3.48; 
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chlorine Cl 2.95 and argon Ar 1.66 kg/m?. Three elements are inert gases, so 
chlorine can become a detector for the first class of galaxies. An indicator of the 
diversity of this class of galaxies is the concentration of chlorine in the studied 
gas and dust cloud. 

For galaxies of the second class (existing types SBd, SBc, SBb, SBa in de- 
creasing concentration), nitrogen N is clearly distinguished at an average density 
of 1.17 kg/m?. The same number is found according to theoretical calculations 
of the dissipation of matter. In classes 3-11, the average density no longer refers 
to chemical elements, but to sets of simple and complex chemical elements in 
space objects. 


4. CONCLUSION 


In nature, there are only two kinds of integer primes: right-handed and left- 
handed asymmetries. They have a chiral character due to the fact that the direc- 
tion of the abscissa axis in both types of infinite-dimensional and finite-dimen- 
sional series of integer primes remains unchanged, and the directions of the or- 
dinate axis become mirror opposite. All galaxies have specific dimensions. 
Measurements, for example, in the plane of the galaxy, calculating the coordi- 
nates of large stars in spiral arms, will provide statistical material for identifying 
finite-dimensional series of integer primes. 

Any symmetrical series of integer primes in terms of its remainders from the 
main distribution law contains a pair of oppositely located arms for identifying 
spiral and other types of galaxies. Apparently, in all types of galaxies there are 
sleeves, which, due to the lower density of stellar mass, are less noticeable in 
lenticular, elliptical and other types of galaxies. In our opinion, the arms of ir- 
regularly shaped galaxies are less subject to the cosmic string. It is logical to 
assume that scattering galaxies are also present in voids, in which the matter 
mass density becomes less than 10% of the average density of the Universe. 

This property of the initial appearance of network arms from the impact of 
a cosmic string opens up wide mathematical possibilities for statistical modeling 
of a set of measured parameters for specific, primarily spiral SBd, galaxies. At 
the same time, a galaxy with two arms, ideal for measurements, is formed in the 
form of a complex filamentary structure. Then the sleeves gradually twist and 
loosen, the substance from the sleeves begins to create and thicken the bar. Then 
the bar turns into a bulge. After the sleeves turn into outer rings. But a small 
amount of matter remains in the arms that are hardly visible to modern tele- 
scopes. 

The introduction of the shape of galaxies in the form of remnants from the 
impact of a stretched cosmic string makes it possible to reverse the schemes of 
existing classifications (the Hubble sequence, the multilevel morphological clas- 
sifications of Vaucouleurs, Berg, and others). A single-level evolutionary clas- 
sification of galaxies is proposed, showing the circulation of matter from the 
origin to the dissipation of galaxies. 


- 291 - 


The first component of the average density of a space object, depending on 
the classes of galaxies, shows an increase in the amount of matter with an in- 
crease in the class number, that is, it characterizes the materialization process in 
terms of the complication of the chemical composition of the visible matter in 
the Universe. 

The second component, on the contrary, characterizes the process of de- 
creasing the average density with increasing galaxy class code, that is, the pro- 
cess of dissipation and simplification of the chemical composition of visible mat- 
ter. Taking into account the third wave component, for a hydrogen cloud (class 
0) it turns out that the dissipation of matter occurs only in helium. In this regard, 
an indicator is proposed - the concentration of helium in a cloud of hydrogen. 

For the first class (spiral galaxies with network arms in gas and dust clouds 
with stars), chlorine can become a detector, Therefore, an indicator of the diver- 
sity of this class of galaxies is the concentration of chlorine in the studied gas 
and dust cloud. 

For galaxies of the second class (existing types SBd, SBc, SBb, SBa in de- 

. creasing concentration), nitrogen is clearly distinguished at an average density 
of 1.17 kg/m3. The same number is found according to theoretical calculations 
of the dissipation of matter. In classes 3-11, the average density no longer refers 
to individual chemical elements, but to sets of simple and complex chemical el- 
ements in space objects. 
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Abstract 

We exhibit a simple motivation of the Diaz-Higuita-Montesinos formula 
about the physical degrees of freedom count in terms of Lagrangian 
parameters. For several singular Lagrangians we illustrate the validity of 
this formula to obtain the number of physical degrees of freedom. Besides, 
we introduce one arbitrary function by each effective gauge parameter to 
apply the Lanczos version of the Noether theorem, and thus to show the 
corresponding genuine constraints and their conservation by the time 
evolution. 


Keywords: Constrained Hamiltonian systems, Singular Lagrangians, 
Noether theorem. 


Copyright © 2023 by Hadronic Press, Inc., Palm Harbor, FL 34684, USA 


-294 - 


1. Introduction 


Recently in [1] was deduced the following relation to obtain the number of 
physical degrees of freedom (NPDF) for systems controlled by singular 
Lagrangians: 


NPDF = N—=(l+g +e), (1) 


where only appear quantities from the Lagrangian scheme, in fact, N, e, /, 
and g are the total number of generalized coordinates q;(t), effective gauge 
parameters [1], genuine constraints and gauge identities [2-6], respectively. 
This same calculation can be realized via the Hamiltonian formula: 


NPDF =N-N,-=Np, (2) 


using only concepts from the Rosenfeld-Dirac-Bergmann approach [7-15], 
where N, and N, are the total number of first-and second-class constraints 
[16-18], respectively; let’s remember that N, is an even number [11, 19] and 
that the number of degrees of freedom is the same for Hamiltonian and 
Lagrangian formalisms [20]. 

In Sec. 2 we indicate a simple manner to motivate the expression (1). The 
Sec. 3 has applications of the matrix and canonical techniques to several 
Lagrangians studied in [3-5], to exhibit the validity of (1)-(7). In Sec. 4 we 
employ the Lanczos approach [21-23] to Noether’s theorem for each 
effective gauge parameter, and we observe that the corresponding Euler- 
Lagrange equations are in terms of the genuine constraints and their time 
evolution. To save comments and notations it will be evident when certain 
quantities are satisfied on shell or on the constraint surface (hence we shall 
eliminate the usual symbol = Q). 


- 295 - 


2. Diaz-Higuita-Montesinos formula 


In [20] was obtained the relation (written in our present notation): 
L=N, +N, — Ne, (3) 


being ni) the total number of first-class primary constraints. On the other 
hand, the total Hamiltonian H, already contains all the information about 
the gauge freedom of the theory, through the first-class primary constraints 
included in it [20], that is, Hy is the first-class Hamiltonian plus arbitrary 
linear combinations of the first-class primary constraints Pg = VijOm 
m = 1,...,M, where M is the amount of primary constraints, such that [12, 
16]: 


Cov, +Nv2)xm Vea) = 0, a=1,..., Nn), C= ({9;, Ym}), 
j = 1, wey Ny + No, (4) 


hence Hr = first-class + V° Wg with v(t) totally arbitrary, but we may 
remember that in the Lagrangian approach [2, 3, 5] the number of arbitrary 
functions into the gauge transformations coincides with the number of 
gauge identities, therefore: 


g = NS =M—rank C. (5) 


If we accept that the Dirac’s conjecture [2, 12, 13, 16, 24-27] is valid, then 
the N, first-class constraints (primary and secondary) generate gauge 
symmetries into the Hamiltonian formalism and it is natural to identify this 
freedom with the number of effective gauge parameters in the Lagrangian 
process: 


e=N,, (6) 
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thus, from (3), (5) and (6) we have that N, =e, NJ =l+g-—-e and 
ni = g, therefore (2) implies the formula (1) obtained by Diaz-Higuita- 
Montesinos [1]. 

On the other hand, it is useful to indicate the relations: 


M=N-—rankw©, l=J]—M+rankC, (7) 


where M is the amount of primary constraints (with M’ < M independent 
constraints), wo, is the Hessian matrix, J] = N, + Nz represents the total 
number of constraints, and Cy,y, = ({$,, bm): 


3. Applications of (1) to singular Lagrangians 


Here we consider four Lagrangians whose matrix and canonical analysis 
allows to show the application of the expressions (1)-(7). 


a). Ref.(2):  L=s@t+dqti(i-a@), N=2. (8) 


The Lagrangian method [2-5] gives the Hessian matrix W® = G ) 


whose rank is 1, with only one genuine constraint and one gauge identity: 
: d 


hence / = g = 1, and the corresponding local gauge transformations have 
the following structure: 


G1 =Q, tea, G2 = q2 te(a— a), eX1, (10) 
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where a is an arbitrary function, then we have to a@ and @ as effective gauge 
parameters, therefore e = 2; with the above information the formula (1) 
given by Diaz-Higuita-Montesinos implies that NPDF = 0. 

The Hamiltonian approach [11, 12] applied to (8) generates a total de two 
constraints: 


od, =p, Primary, ¢2.=p1-q, Secondary, (11) 


which are first-class, thus M = M' = 1, N, = 2, Nz =0, ni”) =1,/=2, 
and C2, = O because all Poisson brackets [21, 28, 29] {¢;,¢m} worth zero 
on the constraint region, then rank C = 0. With these canonical data the 
expression (2) implies that NPDF = 0, the same value as (1); besides, it is 
simple to verify the validity of (3)-(7). 


b). Ref. [30]; L= ICE — e%)? + (G3 — q2)"], N=3. (12) 


0 0 0 
The matrix procedure and (12) lead to W = ( 1 q such that 
00 1 


rank W©®) = 2, with one gauge identity and two genuine constraints: 


d 
GP EL? + dy et BO + et EM ~ Gy EN” 


d . (0) (0) pO ‘cds 
+2 (-a 8 — ef ES eT 1 )=o, 


(13) 
pO = @%(gy — e%), pr = e% (gz — Ga), 


therefore | = 2, g = 1, and the gauge transformations take the form: 


G=Hqatede%, G2 =q tea, G3 =Q3 tea, (14) 
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hence e = 3 because we have to a, & and @ as effective gauge parameters; 
in this case the formula (1) gives NPDF = 0. 
The Lagrangian (12) under the canonical method gives three constraints: 


$1 =P1, Primary, $2 =P2, Secondary, 
$3 =p3, Tertiary, (15) 


and all are first-class, then M = M' = 1, N, = 3, Nz = 0, ni?) =1,J/=3 
and C3,, = 0, thus from (2) is immediate to deduce that NPDF = 0 in 
harmony with (1). The relations (3)-(7) are verified by this set of values 
generated by the matrix and Hamiltonian approaches. 


c). Refs. [31,32])}  L=(i-@)dst+ad, N=3 (16) 


Now rank W) = 2, with two genuine constraints and one gauge 
identity: 


. d a 
pV =g,, pOD=-g,, E+2(EO-Se)=0, (17) 
that is, 1 = 2, g = 1, and the gauge transformations are given by: 
d= ted, G2 =q2t+e(@- a), 93 = 43, (18) 
therefore e = 3 due to the presence of a and its two derivatives; here 
NPDF = 0 via the Diaz-Higuita-Montesinos formula: 
For (16) the Hamiltonian formalism leads to three constraints of first- 


class: 


$1 =p2, Primary, $2 =P, Secondary, 
@3=q3, ‘Tertiary, (19) 


such that M = M’ = 1, N, = 3, N, =0, N® =1, J =3, and Cyy1 = 0; 
thus (2) produces the same value as (1), and (3)-(7) are satisfied. 
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d). Ref. (2) L=> 42+ (a2 — 43) +5 (-a+a), N=3 (20) 


- Here rankW©) =41, with two gauge identities and one genuine 
constraint: 


| . ; 
9°) =—t+a-a+q,, By +BS =0, 
0) 4 pO 4 4 (0) _ 
EX + Ey +E” = 0, (21) 


consequently |= 1, g = 2, participating the gauge transformations: 


h=atea, h=eqgte(@-aty), B=Gtey, (22) 


where a,a@ and y are the effective gauge parameters, hence e = 3 and (1) 
implies NPDF = 0. ; 

If we apply the canonical method to (20) we find the following three 
constraints of first-class: 


$1 =P2, Primary, o2=p3, Primary, 
$3 =Pi-, Secondary, (23) 


then M=M' =2, N,=3, N,=0, NX? =2, J =3, and Cyy2 = 0; 
therefore (2) also gives NPDF = 0, and the expressions (3)-(7) are verified. 

The aim of this Section was to show the use of the relations (1)-(7) with 
the corresponding set of values from the Lagrangian and Hamiltonian 
formalisms, and to exhibit the compatibility between the mentioned 
expressions. In the local transformations (10), (14), (18) and (22) we 
observe the presence of arbitrary effective gauge parameters, then in the 
next Section we try to float the information that they hide. 


4, Lanczos approach to Noether’s theorem 


The essence of the Lanczos method [21-23], to obtain information from 
the invariance of Z under an infinitesimal transformation, consists in to 
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consider the effective gauge parameters as new degrees of freedom for the 
variational problem under study. Here we apply this idea of Lanczos to the 
local gauge transformations indicated in Sec. 3. 


A. Lagrangian (8): 

In this case we have e = 2, then we can introduce the 
functions 6, = a@ and Bz = & as new degrees of freedom; thus (10) takes the 
form 9G, =qiteéPi & G2=q2+€ (Bi — 2) producing the following 
change in the Lagrangian for ¢ « 1: 


L=Lt+e|Pids + Bilg2 + 41) + Bo(-h+%-%)], (24) 
and the corresponding Euler-Lagrange equations < (=) - = =0,r= 
r r 


1,2 imply the relations: 
gO) = 0, = on) =0, (25) 


in terms of the genuine constraint and its conservation by the time evolution. 
In other words, the Lanczos technique shows that the effective gauge 
parameters store information about the genuine constraints and their time 
derivative. Besides, let’s remember that in [4] was exhibited the connection 
between the genuine constraints and the non-primary constraints (that is, 
secondary, tertiary,...) for the Lagrangians considered in the present work. 


B. Lagrangian (12): 

This system has e = 3, hence we employ the functions 
61, = a, B2 = & and B, = & to implement the Lanczos process via (14) with 
the structure 9, =q, tee "Bs, Gg=q2teBo & G=QzteEf, , 
generating thus a functional change in L: 


L=L+ee-%[pO(B, ~ Bs) — 99 (B: - Ba)], (26) 
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and the Euler-Lagrange equations for B,, r = 1,2,3 give the conditions: 


d 
gO) = 9, Pa — 44 pO) 4 gt) = 0, 


d f 
OOD — Gy 9 = 0, 27) 
which is information about the constraints and their time evolution. 


C. Lagrangian (16): 

We introduce the functions f, as in the previous case, 
then (18) acquires the form G.= 1 +€Bo, G2= 42+ € (Bs - 
Bi) & G3 = q3, and produces the following infinitesimal change: 


L=L+e [pO (B, — Bz + B) = oD Bo], (28) 


and from the Euler-Lagrange equations for £, we obtain the information: 
d 
gO) =0, pew + QOD = 0, (29) 


D. Lagrangian (20): 

Here we employ (22) with the functions B, = a, B, = 
a and ~,;=y, that is, h=uteh, = date (bi -Bot 
Bs) & Gz = q3 + € Bs , therefore: 


L=L+e[(q, — ©”) By +4, Bi + 9° Bo], (30) 


and the Euler-Lagrange equations for the new degrees of freedom £,. imply 
(25) with p© given by (21). 


The invariance of Z under local gauge transformations leads to constraints, 
then it is natural that the effective gauge parameters store information about 
the genuine constraints if they are considered as additional degrees of 
freedom for the variational problem under analysis; the Lanczos approach 
allows extract such information. 
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Abstract 

The zero-point energy concept results in an infinite energy that has 
not yet been fully resolved. The need for the zero-point energy is 
confirmed in Santilli's synthesis of the neutron from the proton and the 
electron in the core of a star. 

A possible resolution lies in establishing a cutoff energy (e.g., at 
the Planck scale) that negates the singularity. This singularity is avoided 
by establishing a restricted energy region that precludes exceeding the 
cutoff energy scale except under extreme circumstances (e.g., during a big 
bang/big crunch event). Potential energy functions, analogous to the 
Higgs potential or the short range hard core nuclear interaction, are 
introduced as possible mechanisms to establish the cutoff energy. 
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1.0 Introduction 


The zero-point energy (ZPE) concept results in an infinite energy 
that has not yet been fully resolved [(1)-(2)]. The need for the zero-point 
energy is confirmed in Santilli's mathematical, theoretical and 
experimental studies on synthesis of the neutron from the proton and the 
electron in the core of a star [3]. Santilli [3] refers to the zero-point energy 
as "universal substratum” with an extremely large energy density for the 
characterization and propagation of electromagnetic waves at 300,000 
km/s, 

A possible resolution lies in establishing a cutoff energy (e.g., at 
the Planck scale) that negates the singularity. In this paper, the cutoff 
energy restriction is addressed utilizing a spin zero free field Hamiltonian. 
Since the free field restriction precludes interactions with other particles 
and antiparticles, particles cannot be created or destroyed in pairs. 
Therefore, the free field Hamiltonian does not measure the energy of these 
pairs and the 1/2 quantum energy terms can be interpreted as free fields 
that are not emerging from or entering into the vacuum in pairs. 

Associated with the ZPE issue and the postulated physical effects 
are fluctuations that are typically quantified in terms of pair production 
and annihilation in a bubbling quantum foam, the zero-point energy of 
fermion fields, virtual particle vacuum bubbles and loops, and interacting 
virtual particles [(4)-(7)]. Although these theoretical arguments have been 
and continue to be made, there is no experimental basis to select if any of 
these proposed mechanisms occur. 

A number of experiments have been proposed to validate the 
existence of the ZPE. These include the Casimir effect [8], Lamb shift in 
hydrogen ([9]-[10]), anomalous magnetic moment of the electron [11], 
and Fulling-Davies-Unruh effect ({12]-[15]). These theories and 
associated experiments provide useful information, but are not definitive. 
These are other possible explanations for the proposed effects including 
the incorporation of higher order corrections beyond the usually assumed 
quantum field theory (QFT) interaction terms. 

This paper proposes that the ZPE singularity could be avoided by 
establishing a restricted energy region that precludes exceeding a cutoff 
energy scale except under extreme circumstances (e.g., during a big 
bang/big crunch event). The cutoff energy scale is established by 
introducing a potential energy function that restricts the accessible energy 
scale. 


S807 


2.0 Theoretical Approach 


The free field Hamiltonian for a spin zero field [16] is 
H? =>, (N, (e) +1/2+N,(K)+1/2) (1) 
k=0 


where N,(k) is the number operator for field particles (x) with three- 


momentum k and N,(k) is the number operator for field antiparticles (y) 


with three-momentum k. In (1), o?— k? = ul” where is the field quanta 
energy and y is the mass of the field particle. The momentum k is an 
eigenstate of the field. For example, the free field, spin zero Hamiltonian 
operating of the particle ket |0,.) yields 


H9/d,,) = Ya, (N,(k)+1/2+N, (ke) +1/2)4,) (2) 
k=0 


If |, ) is restricted to a single type x particles, (2) becomes 


Hslas)=[o + yo, (u244/2)}) (3) 
k=0 


The vacuum adds 1/2 quanta of energy for each k for both type x 
particles and type y antiparticles. These 1/2 quanta are the zero-point 
energy (ZPE), that is the source of the infinite energy singularity and 
associated conundrum. (3) illustrates the fact that every state is 
superimposed on the vacuum. 

The infinite energy issue becomes even more obvious by 


considering the vacuum state | 0) 


Hy 0) =Sa, (N, (i) +1/2+N, (&)+1/2)|0)= Yo, (1/2+1/2)|0) (4) 
k=0 k=0 
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Since every state is superimposed on the vacuum, every state has infinite 
energy. The unrestricted sum in (4) represents the perspective that the 
vacuum is endowed with infinite energy. Given the infinite energy 
singularity, the remainder of this paper addresses a possible mechanism, to 
impose an energy cutoff to mitigate this singularity. 


3.0 Normal Ordering 


The infinite sum of 1/2 quanta energy noted in (3) and (4) presents 
a significant challenge in QFT. This infinite energy associated with the 
vacuum would lead to an extreme curvature within the scope of general 
relativity. However, this physical effect has not been observed. From a 
theoretical perspective, the infinite energy singularity is eliminated if the 
sums of (3) and (4) are terminated at a large but finite energy (e.g., at the 
Planck scale). 

One possibility to mitigate the effects of the infinite sum is to 
impose normal ordering [16]. Within the scope of normal ordering, all 
destruction operators in any term are relocated to the right hand side of 
that term. This operation is justified for operators that commute. For 
example, the discrete plane wave solutions of the Klein-Gordon equation 
can be written as [17] 


Leb + D Tivos ee" (6) 


where a(ic) a(ic)) is an operator that destroys (creates) an x field particle 
with momentum k, and bik (6(k)) is an operator that destroys (creates) 


and a y field antiparticle with momentum k. Normal ordering would 
have little effect for a(ic) and p(k) because these operators commute. 
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However, terms such as a(i) and a(k) are more problematic because 


these operators do not commute. Although normal ordering is commonly 
utilized in QFT, it violates the non-commutivity property of certain 
operators that is a fundamental postulate of quantum field theory. 
Therefore it is reasonable to question the appropriateness of normal 
ordering to resolve the infinite energy issue. 


4.0 Cutoff Potential 


There is a lack of theoretical justification in addressing the vacuum 
infinite energy issue through normal ordering. Efforts to impose an 
arbitrary energy limit or explaining the ZPE in terms of the Casimir effect, 
Lamb shift, anomalous magnetic moment of the electron, and Fuller- 
Davies-Unruh effect were also not universally accepted as a complete 
explanation of the infinite energy issue ([1]-[2]). 

In view of. these approaches and their limitations, this paper 
postulates the existence of an energy cutoff characterized by a potential 
energy function that mitigates the ZPE singularity. This energy reswiction 
eliminates the singularity and the ZPE issue. Two possible potential forms 
are presented. These include an analogue to the short range hard core 
interaction in nuclei [18] and a vacuum potential analogue of the Higgs 
field ({19]-[20]). 


4.1 Hard Core Nuclear Potential Analogue 


An energy restriction can be formally defined in terms of a 
potential function 


V(o, o)=V, ($,@,)+ Vv, (6, @,) (7) 


where Vi defines an accessible energy region from 0 < w < a and V2 
represents a potential term that is sufficiently large (e.g., at the Planck 
scale) to preclude additional particle production from the vacuum. The 
‘use of a V2 term to restrict the accessible parameter space is analogous to 
the use of a hard core nuclear potential to represent the short range 
repulsion between nucleons [18]. A hard core precludes the spatial 
interaction region of nucleons to values typically taken to be about 0.4 fm. 
The V2 term effectively terminates the sum of (3) and (4) 
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k 
H? |0) = DY’, (1/2+1/2)|0) (8) 
k=0 


where @3=k?+ 7, a» is the cutoff energy, and k, is the associated 
three-momentum. Terminating the sum in (8) eliminates the ZPE issue. 


4.2 Vacuum Potential Analogue of the Higgs Field 


An additional approach facilitates the energy cutoff, and utilizes a 
potential similar to the Higgs field potential. The Higgs field incorporates 
an energy scale that characterizes the electroweak interaction. In a similar 
manner, the analogue vacuum field potential is also characterized by an 
energy scale (e.g., at the Planck scale) that effectively terminates the (3) 
and (4) sums, and eliminates the energy singularity. This potential 
approach is similar to the application of a potential function to 
characterize the Higgs field. 

For specificity, the Higgs analogue potential energy function is 
assumed to have a form 


V()=1296+2(66) (9) 


where p and 2 are not specifically defined, but can be selected to yield the 
desired energy cutoff. The Higgs field potential can be characterized by 
the values p © 126 GeV, v * 246 Gev, and 4 ~ 0.13 that are derived from 
the parameterization 


y= 2hv? (10) 


For the Higgs field v represents the energy scale of the electroweak 
interaction. In a similar manner for the ZPE interaction, v represents the 
energy scale that truncates the sum of (8). In (10), represents the field 
particle mass (e.g., at the Planck scale) which has yet to be determined. 
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5.0 Conclusions 


The use of a potential describing the particles generated from the 
spin zero free field Klein-Gordon Hamiltonian offers a possible resolution 
to the infinite energy singularity encountered with the vacuum. This 
singularity known as the zero point energy has not yet been fully resolved. 

A possible resolution lies in establishing a cutoff energy (e.g., at 
the Planck scale) that negates the singularity. This singularity is avoided 
by establishing a restricted energy region that precludes exceeding the 
cutoff energy scale except under extreme circumstances (e.g., during a big 
bang/big crunch event). Potential energy functions, analogous to the 
Higgs potential or the short range hard core nuclear interaction, provide 
possible mechanisms to establish the cutoff energy. 
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Abstract 

In the present work the author establish the theoretical basis of the hidden 
variable of the IsoRedShift Mechanics by generalizing the Madelung 
hydrodynamic representation of the Pauli equation to its stochastic counterpart, 
which incorporates the noise arising from gravitational background fluctuations. 
The model reveals that conventional quantum mechanics is applicable only in a 
perfectly static universal spacetime. In the real case, due to the fluctuations of 
the spacetime background, originating from the Big Bang and by other 
cosmological source, the quantum evolution of mass densities and spin waves 
experience a drag force. The theory demonstrates that the hidden variable 
parameter, needed for the accurate description of nuclear mechanics, represents 
the stochastic-induced correction to the conventional quantum mechanics being 
the deterministic limit of the more general stochastic quantum theory. 

The theory shows that the experimental measurements of the hidden variable in 
nuclear mechanics provide empirical evidence of the presence of dark energy of 
the fluctuating gravitational background that perturbs the deterministic 
expression of quantum mechanics resulting in quantum decoherence and giving 
rise to the emergence of classical mechanics in macroscopic systems. 
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1 Introduction 


The hidden variables in quantum mechanics were introduced firstly by 
David Bohm [1-3] in 1952 with the theory called "pilot-wave" which 
incorporated the existence of hidden variables. 
According to Bohm, hidden variables are additional properties of particles that 
exist alongside their quantum state. These variables determine the behavior of 
particles and provide a more complete classical-like description of their motion, 
in contrast to the probabilistic nature of standard quantum mechanics. 
Bohm's theory sparked significant interest and debate within the scientific 
community [4-6]. However, it faced challenges due to the famous Bell's theorem, 
formulated by physicist John Bell in the 1960s. Bell's theorem suggested that 
hidden variables theories, such as Bohm's, would be incompatible with the 
predictions of quantum mechanics. 
Nonetheless, the exploration of hidden variables continued. Physicists sought to 
develop alternative theories that could reconcile the probabilistic nature of 
quantum mechanics with the concept of determinism inherent in hidden 
variables. 
In recent years, new perspectives have emerged, such as the idea of 
"contextuality" and the concept of "informational completeness." These 
approaches aim to address the fundamental questions surrounding hidden 
variables and provide a deeper understanding of the nature of quantum systems. 
While the debate on hidden variables in quantum mechanics is ongoing, the 
exploration of this concepts has contributed to a deeper exploration of the 
foundations of quantum theory and continues to stimulate new avenues of 
research in the field. 
Ruggero Maria Santilli has made significant contributions [7-12] to the study of 
hidden variables in quantum mechanics. His work has offered alternative 
perspectives and mathematical frameworks for understanding the behavior of 
particles beyond the conventional quantum formalism. 
Santilli developed a theory known as "IsoRedShift Mechanics" which introduces 
new mathematical and conceptual tools for describing hidden variables. This 
theory incorporates the notion of isodual mathematics, which extends 
conventional mathematics to include antimatter and other previously unexplored 
realms. 
One of the key aspects of Santilli's theory is the introduction of "hidden 
symmetries" that can account for the probabilistic nature of quantum mechanics 
while retaining a deterministic framework. These hidden symmetries provide a 
more comprehensive description of particle behavior, bridging the gap between 
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the probabilistic predictions of standard quantum mechanics and the 
deterministic features of hidden variables theories. 

Furthermore, Santilli's contributions extend beyond the theoretical realm. He has 
developed experimental tests and proposed methods for detecting and observing 
hidden variables, offering potential avenues for experimental validation of these 
ideas. 

While Santilli's work on hidden variables remains controversial and subject to 
ongoing debate within the scientific community, his research has opened up new 
possibilities for exploring the fundamental nature of quantum systems and 
expanding our understanding of the underlying principles governing their 
behavior. 

Santilli's contributions have sparked further discussions and investigations into 
the nature of hidden variables and their potential implications for our 
understanding of quantum mechanics. 

In recent works the author, while remaining within the school of thought that 
hidden variables represent a lack of information about the quantum mechanics, 
demonstrates [13-16] that, by utilizing Madelung's Hydrodynamic approach, in 
a spacetime with a stochastic background of gravitational waves, quantum 
mechanics becomes a stochastic theory, whose deterministic limit is represented 
by the current quantum mechanics. 

Within the framework of the stochastic generalization of quantum 
hydrodynamics, the author shows [13-14] that it is possible to demonstrate that 
under suitable conditions, in the limit of a macroscopic-sized physical system, 
quantum mechanics transitions into a decoherent realization that manifests 
classical behavior. Moreover, by generalizing the principle of least action in the 
quantum hydrodynamic formulation, it is obtained that [16-17] quantum 
decoherence is necessary to obtain the classical principle of least action, and thus 
theoretically derive classical mechanics and the theory of general relativity. 

In this work, employing the hydrodynamic representation of the Pauli equation 
in the presence of background fluctuations, the author calculates, at first-order 
of approximation, the corrective stochastic contribution generated by the 
background vacuum fluctuations. 

By comparing the Madelung hydrodynamic representation of Pauli equation, 
utilizing the iso-matrices, with the stochastic generalization of the hydrodynamic 
Pauli’s equation, the author provides a theoretical expression for the hidden 
variable contained into the non-unitary iso-matrices thus unveiling their 
stochastic origin. This output suggests that, rather than hidden variables, we are 
dealing with a lack of information about how the quantum mechanics realizes 
itself in the real vacuum owning the gravitational wrinkles originated at the big- 
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bang and subsequently by the cosmological dynamics, highlighting the need for 
further development in the field. 


2 The quantum potential fluctuations induced by the background of 
stochastic gravitational waves 
The quantum-hydrodynamic representation of the Schrodinger equation [18] 
a ve 
-ih—yw =| —_-_—-——-_-V, 1 
ar & 0909 2 le ” 
iS 


Ff 
for the complex wave function y =|y|e *, are given by the conservation 


equation for the mass density | y /? 


OO 2 

—_— +——_— - — 0 2 

ra ag, 1 qi) (2) 
and by the motion equation 
1 (Pay x Youn) 


Bm a ihe, 3 
IH1) m aq, (3) 
es aS, t) 
where q,is defined, through the momentum p, = ae where 

qi 
A, w 
Sgt) = —~/— and where 
r 2 y* 
noi & 
Voy _ Fw 1*|y) (4) 
2m | y | 09,0q; 


In order to introduce the effect of the metric tensor fluctuations of the space-time 
background, we assume that: 
1. The fluctuations of the vacuum curvature are described by the wave function 
Wvac with density | Wyac ie 
2. The (dark) energy density # of the gravitational waves is proportional to 


|Woae 3 
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3. The equivalent mass of vacuum fluctuations m,,,, is defined by the identity 


2 
E= Maark© | Yvac ij 


4. The stochastic gravitaional wrinkles originated by the big-bang and the 
gravitational dynamics of space-time, are approximately assumed to not 
interact with the physical system (gravitational interaction is sufficiently 
weak to be disregarded). 

In this case the wave function of the overall system w,,, reads 


Vio = VV vac (5) 


Moreover, by assuming that, the equivalent mass m,,,, of the dark energy of 


gravitational waves is much smaller than the mass of the system (ie., 
Mot = Magrg + =m), the overall quantum potential (1.16) reads 


te. tao vt let F | Vl| Yue | 
FH typ ) WM vac ag, aq ; ig 
i ee {0 ay. rae | 8 
wy Ely Tle “ltl el) 
am 04,0q, q; 04,09; 0g; 04; 
Moreover, given the vacuum mass density noise of wave-length A 
2m 
Pyact A) =| Yyact A) ? ms cos” ri, (7) 
associated to the fluctuation wave-function 
20 
Yrac % #0084, 8) 
it follows that the quantum potential energy fluctuations read 
6 Ey, = I Prot gt OVaut at OV » (9) 


Vv 


where 


- 320 - 


nv Nasa 1 O|Wyae | Oly | 
OV. pices -1 vac 4. 1 1 vac 
qu(q io en ( Wyac | qq; | y | | Wyac | 6g; 6g; 


A | (2m Y , oly] 2x me _ 2a 
St SI ae | +cos— + Sin — 
E(() ly | 2a, elar ee | 41 )): (10) 
a ( (22) ,Olw|. 2 
= — —_——f — 
= (2) av 0q; er re 
For V +o _ , the unidimensional case leads to 


a Yt YL an 2H 

OE it -_ + 1 ye J 

qu(A) = Tigs¥ 2m4 fn ran r] ly| 24, 7 q \dq 
al 1Oly|, Qn 

: dq + ——— tan—q id (il 

Pig V “( Ah } | Mot(g 19 J Hog) wd 24, 74 y ) 


am A 


In (11) it has been used the normalization condition f Mrot(qt 44 = Mig and, on 
Vv 


large volume (V >> A? see (15)), it has been used the approximation 


t 


2 
2a 2a 
lim. i J macn{vr 2 ie en Eg) «nt (%) (12) 
For the three-dimensional case, (11) leads to 
= he? ame ee 
OE =—) (k,) =—|k 13) 
awa) rep Vierrelta ( 
The result (13) shows that the energy, due to the mass/energy density 


fluctuations of the vacuum, increases as the inverse squared of 4 , Being so, the 


quantum potential fluctuations, of very short wave length (i.e., 2 — 0) can lead to 
unlimited large energy fluctuations even for vanishing noise amplitude T —> 0. This 
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fact could prevent the realization of the deterministic, zero noise, limit (2-4) 
representing the quantum mechanics. 


On the other hand, the convergence to the deterministic limit (2-4) of quantum 
mechanics for T— 0 is warranted by the fact that uncorrelated fluctuations on 
shorter and shorted distances are energetically unilkely. Thence, the requirement of 
convergence to the conventional quantum mechanics for T—>0 imples a 
supplemental condition on the spatial correlation function of the noise as 1 > 0. 


The calculation of the shape of the spatial correlation function G(/) brings a quite 
heavy stochastic calculation [19]. A more simple and straight way to calculate G/ A ) 
can be obtained by considering the spectrum of the fluctuations. 


Since each component of spatial frequency k = oe brings the quantum potential 


energy contribution (11), its probability of happening, reads 


i (-e : (14) 
ex, BNA = exp| —| — 
iP kT = exp 
where 
h 
A, =42— (15) 
(mk)? 
is the De Broglie length. 


From (14) the spectrum $(k )of the spatial frequency reads 


2 2 
s1< 2) 09 () |pee| -() (16) 
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From (16) we can see that the spectrum is not white and the components with wave- 
length A smallerthan 2, go quickly to zero. Besides, from (16) the spatial shape 
G(A) reads 


vi : ? 1° 
Gra) © [ explika]S,, dk jewrnaren| (+4) Ja 


—-0o —-0o 


: (17) 
oc nt exp| — a 

rea ls 
The expression (17) shows that uncorrelated mass density fluctuations on shorter 
and shorter distance are progressively suppressed by the quantum potential allowing 


the realization of the conventional “deterministic” quantuin mechanics for systems 
whose physical length is much smaller than the De Broglie one A, . 


For the sufficiently general case to be of practical interest, where the mass density 
noise correlation function can be assumed Gaussian with null correlation time, 
isotropic into the space and independent among different co-ordinates, it can be 
assumed of the form 


< 8M 451) OM ap rater) >=< OM Gq ) Mag) >(r) G(A)O(T ap, (18) 


that, for system whose physical length ¢ is much smaller thanthe De 


Broglie’ one (i.e., as <1), reads 


2 2 
1 A 1 A 1 1 |mkT 
Gia, «© —exp|-| — | |=—)1-|—| |=—=-,/— 19 
flee k | (2) Al (2)) A AN 2 a 
On this ansatz, equation (3) assumes the stochastic form [15] (see appendix) 


1 (Fa +¥ovp)) nD e (20) 
: t)" 
m 0g; ue 


where the probability mass density function » is now defined by the 
Smolukowski conservation equation stemming from (20) and obeys to the 


Di) = Ki) ~ 
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condition limp. 9 =| y Psince by (17-18) the convergence to the quantum 
mechanics is warranted. 


3 The Langevin-Schrodinger equation from the Stochastic Madelung 
quantum Hydrodynamic 


Generally assuming for the stochastic case, the complex field 
Yeas) = Pras) 0 e to (21) 


where close to the deterministic limit of quantum mechanics we can utilize the 
identity 0/4, ‘ oe Yas) |, it follows that the quantum-hydrodynamic equations 
(2-4) reads 


, 14 a a as 1 as as a (as 1 as as 
“ mdt aq, Ot @q, m 04,04 Adz ada Ot mG, Od, 
2 2 (22) 
rs) Ver’ 2 A aoe. saftey 
1 2m |W | 0q,04g 
is a 


leading to the partial stochastic differential equation 


5 2 
as aS as ae J AON Nes, gg tmKD',) +C PC): 
at agg aq) 2m |y | 0qg04, 


Equation (23) leads to the Langevin-Schrodinger equation, by observing that, for 


system of physical length ¢ (such as = <1), p obeys to the Smolukowski 


conservation equation (see Equations (A.24-27) in appendix) that reads 


OPrqt) <q> i +0 
a diss¢gt) 


3 Qaissra,) =0 


fi 


lim, [ae + 
*e (24) 
Prat i 


= [a Prat) + 


B94 


where Prag) = | MQ, p,t )d* p (see (A21, A22-7) in appendix) and 


0 
aDwN o ACH 
Oise =| EG (apt) he i Afvne” (GP) ani (25) 
2 Op, Aliza. OP». OP, 
Ne peel 
N (k-terms ) y 
In fact, since close to the deterministic limit of quantum mechanics it holds that 
lim,, <q>=q, (26) 
Poa 
where <..,, > stands for the mean value, and 
2 
ee 
it follows that 
aly|  1ealw| as 1 A AS  Qaissra, 
SE Nee AI lye ie ecia 6 E (28) 


Ot im Oy Oy 2m Oqy Bq || 
Equation (28) with the help of (23), leads to the generalized Langevin- 
Schrodinger equation (GLSE) that for time-independent systems reads 


Oe ee V2 V2 op pid Pasay 
-ih—y = ———y -| V,, + Const +«S-q)°q, kD’ “¢),) +i |w (29) 
a” Im agsaq, | ie aii 


Close to the deterministic limit of quantum mechancis (i.e., microscopic system 

with physical length £much smaller than 1,) it is possible to characterize the 

ability of the system to dissipate by the semiempirical parameter @ defined by 

the relation [15] fizy = limp_y9 a okt. On this ansatz, the realization of 
£40 a mD 

the quantum mechanics is warranted (see Equation (20)) by the condition 

lim , .¢ 0. In this case, it can be readily seen that the GLSE (29) reduces to 


—-0 


the Schrodinger equation. It is worth mentioning that for highly dissipative 
systems close to the quantum mechanical limit they obey to the equation 
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7 : Oqiss, 
ice ey, y =i di Gy >0 (30) 
dt 2m dqyiqg 2\yh 


4 The canonical Langevin-Schrédinger equation 
When non-vanishing drag force is present in microscopic systems even if they 


are close to the quantum deterministic limit (i.e., fuse 1), Equation (29) 
Cc 


does not converges to the conventional quantum mechanics. 


When the parameter @ remains quite high close to quantum limit such as 


lim, @=Q. (31) 
—~0 
Ag 


Equation (29) converges to the quantum Brownian motion. In fact, under 
condition (31) and by utilizing dimensional considerations, the following 
relations apply: 


2 


L\) hi, 2 AT 
I. lim D=lim —| —=lim Le =0 (32) 
ae ror =| mn T-0 YD Ah 
Te lim kK =limp_5 poe as OF fides (33) 
q70 mD my pL 
Ill j = 
lim Lo Quissea ; 0 (34) 
where 7, is a pure not-null number. 
Qis57 4,1) 


Thus, by (33,34) being| saat |<<| «S'|, the term 7 | P can be disregarded 
2|y y 
in (29) and close to the deterministic limit we have 
0 ro 
linp_,. ih—y =-——-—-—— 
AE on Og 4p 
that describes the quantum Brownian motion. 


y+(Veqy +68 — aig ?mkD"E,,)+Cy))y- (35) 
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It is worth noting that Equations (29,35) can be derived by the integrability of 


the velocity field g ee 1s that can be warranted close to the quantum 


m 04g 
behaviour, but that it may fail in macroscopic large-scale classical system since, 
generally speaking, the velocity field is not-integrable. 


5 The stochastic quantum hydrodynamic equation for charged particles 


For charged particles the Schrodinger equation [18] reads 


2 
0 re) 
in| — — =—| ———-¢4 36 
E es makes : 1 . oa 
leading to the quantum hydrodynamic equations [18] 
0 2. O 2. 
_— +— f =0 37 
ae aq, ("| qi) (37) 


av, 
2 (G8) 


Wis : 
mq; = = (Z, + Ei GB, 
where in this case the quantum potential reads 

2 2 
pT TW) (39) 

“ 2m\y | 69,04; 

Following the same procedure of section 2, equations (37-38), in presence of 
gravitational background fluctuations, lead to stochastic hydrodynamic motion 
equation 


-K “(E + &y,4,B jae +KD (40) 
diy) = din) * ae) i MiG? I m oq, (t) 


i 


Equation (40), in the case of constant vector potential (i.e., A = 0), leads to the 
Langevin-Schrodinger equation for charged particles that reads 


2 
1) 0 Wag Hh v2 Al 
a ieee a oe 


6 The stochastic quantum hydrodynamic equation for charged particles 
with spin 
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For charged particles with spin the Schrodinger equation [18] leads to the Pauli’s 


| 


equation 
sid l{h oO 
ih| ——e ——-~eA B ¥ 42 
(2 $| ate _ e “| ee 
where 
/ 2 \ 
8° \cosm~e ?:) Js 
v-(¥) [2 Jie er pet (43) 
Wo X2 aa it 
sin—e 
& 2. ¥ 
[we P= ery (44) 
where the probability density of magnetic moment is identified by the vector 
B= == Pe oP (45) 
whose versor n reads 
Tow 
n=(sinScos¢,sin§sing,cos 8) = == (46) 
( ) wp op 
leading to the quantum hydrodynamic equations [18] 
6) 2 5) De x 
—| PP +—( PP g,)=0 47 
hdr A (a7) 
ee: 10, fn 1 €@ (on, \{ on 
mg, = —(E, + 6B, )-— + PELE Ey nl eae (48) 
1, =“E (nx B), +> i fit 2 hae ri, 0, (49) 
h m|2P aq; 04; 
where 
(50) 


V, 
™ 2m |¥ | 8q,q, ° 
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For the stochastic problem, the deterministic variables transform into the 
corresponding probabilistic distributions following the association |w |?—> ¢ 
and 

n—>P(n). (51) 
In the deterministic limit when dn —> 0, since the noise correlation function (18) 
warrants the convergence to the quantum mechanics, we have that 


lim gy-29< P(n) >=n (52) 
and, for the stationary eigenstates (i.e., 7 = 0 and 9 =0), 

lim g)-op< P(n) > =n =0 (53) 

lim gyop <4 >=9 20. (54) 


where < ..., > stands for the mean value. 
Therefore, the difference between the pseudo potential of the deterministic spin 
motion equation (49), 


ah Em 0 2 0 1 0 2 
ed a ey | ——— Ni (55) 
amiwl aq, lag, . wr aq, 


, : 1 0 : ; 
and its stochastic counterpart ae N;( ,P(n)), at first order as a function of 
p 09; 


P(n)and q (close to the deterministic limit and near stationary condition (53)) 
can be developed in series expansion as 


1 o 1 0 
—N,( p,P(n))-—>—— 
J Y [wp 0g; 


ses N.AW, 
be: y(n) 


(56) 


= C+ AP(n)+ Bq =C, + Aj nj- Ko, 4, 


Moreover, by generally posing 


» (ke ow 


wry 


and, since from (53) lim 5,-.9< C >=0, 
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1/ 
C; = Kp Doe S(t)? (58) 
the stochastic spin motion equation (49) reads 


t 
a, = Mot SE pepe 7 tin : ar 
pl wp h 2m|¥ i Og;\ 4; 


< (59) 
we ao. 


oe] Jj 


~ Key Liat) + K spi Die St) 


Furthermore, if we consider the more simplified situation of stationary mass 


density distribution with only spin waves noisy oscillations, equation (59) 
reduces to 


. wi, oP 
nj = 2H (nx B)+p-ae 2 ny ae _ epee iad + Ksp,, Dy Si) (60) 
2m | 09,\ 04; phy ies 


7 The quantum hydrodynamic equation for charged particles with Santilli 
spin iso-matrices 


By utilizing the iso-matrices [12] in the form 


G,=0,+Ao,, (61) 
where 
As 0 A-l ey 
onl Os ee 
0 -i(A~1) 
2 63 
Ae ies) 0 ) 
A‘-1 0 
= ; 64 
Ao; ‘ a (64) 


the iso-spin versor of the Madelung quantum hydrodynamic description reads 
Sis ee doe 9 _ wAoe Yt Ack 


i= —— =n+—— 
why hy phy yy 


(65) 


- 330 - 


and the spin motion equation (49, 55) reads 


t 

(nx B)++0,N, + eer: (66) 
a why 

By comparing (59) with (66), that is to assume that the iso-spin reproduces the 


stochastic perturbation of the gravitational background onto the quantum 
mechanics, it follows that 


»|2 


; t 
n; = 24 (nx B)+—0,N; (wat) 
fe 


why 
ee (67) 
wt Ky; 550; |Y . 
= 2H (nx B) + 2% iN, - (R01) + Ky pDap Et) 
h i p Jy t 
ww 
and, therefore, that 
wl AoW Wk 0 iW V2 
a ee pees Be eo a 8 oh (68) 
wry why 
Moreover, since the fluctuations x, ye ,) due to the gravitational background 
K 5,07 jV 5 
are quite small respect the drag term = (that is to say that we 
ww 


experience or measure a sort of mean value of the hidden variables), it follows 
that 


AO, = Kou) (69) 


that, for A =1-¢ with ¢ <1, leads to 


0 A-1 0 -é 0 I 
Ao, = = =~ ,a- 70 
= ae a ( i] sa j°3 a(t ; 0 


Agee =? ? oe CO, =~K fe 72 
ero. eat) Ove ee Bohr. = 


and therefore, 


Ky, =(1-2)]| 0 e ) 0 (73) 


Fi 4 
0 0 

0 1 
\ 


From (73) it is worth noting that in the deterministic limit of standard quantum 
mechanics, for A = 1, we have that «;;),, =0. 


Under the light of the stochastic quantum hydrodynamic theory, the standard 
quantum mechanics represents the particular case that is realized in static space- 
time without the fluctuating background of gravitational dark-energy. 

The evolution of quantum mechanical densities, within spacetime containing a 
gravitational noisy background, perceive the presence of such noisy dark energy 
as a field that generates a drag force on spin waves oscillations as well as on the 
motion of the mass density. This phenomenon bears resemblance to the effect of 
the Higgs Boson, whose field imparts inertia to elementary particles traversing 
through it. 

It is worth noting that such gravitational induced drag force generates the 
quantum decoherence on macroscopic system and potentially leads to the 
appearance of the classical behavior on large sized systems [13-17, 19]. 


- 8 Conclusion 


By extending the Madelung hydrodynamic representation of the Pauli equation 
to its stochastic counterpart, which incorporates the noise arising from 
gravitational background fluctuations, it becomes feasible to establish the 
theoretical basis about the hidden variable of the IsoRedShift Mechanics model. 
The model reveals that canonical quantum mechanics is applicable only in a 
perfectly static universal spacetime. In the real case, due to the fluctuations of 
the spacetime background, originating from the Big Bang and by other 
cosmological source, the quantum evolution of mass densities and spin waves 
experience a drag force. The theory demonstrates that the hidden variable 
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parameter, needed for the accurate description of nuclear mechanics, represents 
the stochastic-induced correction to the conventional quantum mechanics 
representing the deterministic limit of the stochastic quantum theory. 

The experimental measurements of the hidden variable in nuclear mechanics 
provide empirical evidence of the presence of dark energy of the fluctuating 
gravitational background that perturbs the deterministic expression of quantum 
mechanics. Generally speaking, the quantum mechanics realizes itself in a 
stochastic form, possibly resulting in quantum decoherence and giving rise to 
the emergence of classical mechanics in macroscopic systems. 
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Appendix 


In presence of curvature fluctuations, the mass distribution density (MDD) 
|w |’=7 becomes a stochastic function that we can ideally pose i=” +6n 
where dn is the fluctuating part and 7 is the regular one that obeys to the limit 
condition 

limp. fi = linn. 7 yf. (Al) 
The characteristics of the Madelung quantum potential that, in presence of 
stochastic noise, fluctuates, can be derived by generally posing that is composed 


by the regular part V,,,,,, (to be defined) plus the fluctuating one V,, such as 
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iad slp aA”? 
Oar illo real a (A2) 


where the stochastic part of the quantum potential V,, leads to the force noise 


ov. 


st 


0q; 


wen aur) = 


where the noise correlation function reads 


lint <Naat VA gpentic) >= Him <Dag yap) (7) HAA T Ong 


2 <%aq)%ag) 7(T) (A4) 


-T JS 
A oB 


with 
tie < Mag» Pag) >(7)* 9 (A5) 


: : £L . 
for microscopic systems ( <1), without loss 
Cc 


u(t) ? 


Besides, the regular part V, 


of generality, can be rearranged as 


2 2 7 Soe 1s — 
al) pane te yey aay CK) 
V/2 F) a 9) 
0909p 2m p’~ 042098 


where (,,) is the probability mass density function (PMD) associated to the 

stochastic process we are going to define that in the deterministic limit obeys to 
met ; song = 2 

the condition limo O91) = impo 1 = limps yl. 


Given the quantum hydrodynamic equation of motion (3) for the fluctuating 
MDD n=nt+on, 
22 ¥onn) (AT) 

m 04a 


we can reatrange it as 


a 
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2 2/2 21/2 
1 3a 
8) Veg) + Vay te - oe ~1/2 : 
. (2) 2m\ po” 9494 i” 949g99g 
dq = > - : (A8) 
m 0G 
The term 
2 1/2 2 1/2 
1 0a 
“ - ae "a? 3 = | (A9) 
that in the deterministic case is null since 
lim fi = lim (7+ 6n)=n=:, (A10) 


4-59 or T-0 4.40 or T>0 
Ae Ae 


generates an additional acceleration in the motion equation (A8), which close to 
the stationary condition (i.e, g=0), can be developed in the series 
approximation and reads 


a 1 ap 1 a7 Al” 
0qa\ 0"? 09894, ft” d4p04p 


Moreover, since near the limiting condition (A10) we can pose 


Ay tAgtn.t 4g” +O(Z-). (All) 


ee A.) mae He) tM g) ~ Ag) FFM) » (A12) 


21/2 

with lim €) =1 and wheree,., is smooth with —finite (since 
770 (9) (4) 09299, 
c 


A, > L #0), it follows that 


i oe 
<>0| dgq po” AGg0dp 94a Aa” dq504g 
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Fy 1 @ po” 1 20 
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7 a} P” 9499p =P 1p°Cp 
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a 1 1/2 
= OM) —| ~ 779 2 
0Ga| PP” 94p99p 
NS 7 
Moreover, given that at the _ stationary 


At 
t— 


te a ae 
<q >= lim. Ae J Yqx jet = 9) it holds 
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t-— 
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mE 
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SH gy 70) +i < ON) >r) 
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the mean < A) >, by (A13) reads 


condition 


(A13) 


(i.e., 


(A14) 


(A15) 
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2 1/2 2 1/2 
lim , <A >= lim , lity» eae 2 oe ° : a 
fos a Ba \ 0 84p 84g ht’ A4g04, 
2_“(a) (A16) 
P 1 2 Ce - 


= lim < dn, >——| -— 
oO” Aa| p04 04g 


Therefore, the general form of the stochastic term A) as the zero-mean noise, 
with null correlation time (see (A4)), reads 

Ay =mkDYE,,). (A17) 
Thence, at leading order in q, sufficiently close to the deterministic limit of 


quantum mechanics (= <1), we obtain that 
c 


ot Ol ee lees dara 
ae a ae? 2) Ryan (A18) 
arm", , +85) +015) 


The first order approximation (A18) allows to write (A7) as the Marcovian 
process 


OlV,,, +V, 
- ; 1 (q) oA v2 

Fie) — Lin) aq, +KD Et): (A19) 
where 

+00 

Prat) = | Neepav?p ’ (A20) 
where 
Naggt)= | PO, z,| t,0)Ni220)4 ede (A21) 


where P(g, q,z,Z,]t,0) is the probability transition function of the Smolukowski 
conservation equation [20] 
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of the Marcovian process (A19). 
Moreover, by comparing (A7) in the form 
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Abstract 
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We study the effects of the generalized uncertainty principle (GUP) on the 
efficiency of quantum heat engines based on a particle in an infinite square well 
using the partition function approach. In particular, we study the Carnot and Otto 
heat engines. For the system we used, the GUP-corrected efficiencies turned out to 
be lower than efficiencies without the GUP effects. However, as expected, GUP 
effects increase as the temperature of the cold heat bath decreases and as the width 


of the potential well decreases. 


Key words: generalized uncertainty principle, quantum Carnot engine, quantum 
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1. Introduction 

The efforts to unify the two pillars of modern physics namely general relativity and 
quantum mechanics, to a theory of quantum gravity (QG), continue to this day. QG 
effects are expected to be strong at the Planck scale. Unfortunately, this scale is 
beyond the reach of experiments. Hence, physicists focus on predictions which are 
independent of QG models (such as string theory, asymptotically safe QG and loop 
QG). One such prediction is the emergence of a minimal length. The presence of a 
minimal length leads to the modification of the Heisenberg uncertainty principle! 
to a Generalized uncertainty principle (GUP). The GUP has led to numerous 
phenomenological studies [4-10, 15-22]. The present paper will explore the 
application of the GUP to quantum thermodynamics by studying GUP-effects on 
the efficiency of Carnot and Otto engines. We will consider a particle subjected to 
aninfinite square well potential (ISW) in thermal equilibrium with a heat bath [11]. 


The paper is organized as follows. A general discussion on how to calculate the 
efficiency of a quantum heat engine using the partition function of a particle in an 
infinite square well is done in section 2. The general formula derived in section 2 
to calculate the heat involved in the processes is then applied to the quantum Carnot 
and quantum Otto cycles in sections 3 and 4 respectively to derive known results. 
Section 5 derives a corresponding general formula to compute the GUP-corrected 
heat energy. This general formula is applied to get the GUP-corrected efficiencies 
of the quantum Carnot and Otto cycles in sections 6 and 7 respectively. Finally, 
some conclusions are discussed in the last section. 


2. Quantum Heat Engine 
Let us first outline the approach we will take in calculating the efficiency. Our 


approach follows [11] and [12]. We will calculate the efficiency as. 
oo Wes Qin-lQouel eat eo IQouel (1) 
W Qin Qin Qin 


The heat involved is calculated using the entropy, 


AS = f%. (2) 


1 Some of the first studies on the modification of the Heisenberg Uncertainty Principle and the 
associated algebra were done by Santilli [1-3]. 


Ber vis 


To calculate the entropy, we use the partition function Z. 


Z= a oBEn (3) 
n=1 
with the £ parameter defined by 


= — (4) 
a kT 
where k is the Boltzmann’s constant. From Z, we calculate the free energy 
1 (5) 
F=--=InZ 
B 
and internal energy 
U=- ain Zz. (6) 
From F and U, we get the entropy [13, 12] 
S=kB(U -F). (7) 


As mentioned above, we consider a quantum heat engine based on a particle 
confined in an infinite square well (ISW) potential in thermal equilibrium with a 
heat bath. The energy of a particle in an ISW [14] is 

E, = yn? (8) 
where we define 

_ mh? (9) 

Y= Sait 

with m the mass of the particle in the well of width Z and n = 1,2,3,.... From (3), 


for the infinite square well, we have Z = Yin=1 e Fyn” For sufficiently large mass 
m of the particle in the well, the energy levels can be very close together to make 
the approximation [11, 13], 
_ v0 = a ho me 241 [a (10) 
Z = Yin=1e pyr = f, dn e Brn ae rT 
Using this partition function, we get from (3), (5), (6) and (7), the entropy 


(11) 
k 1 E 1 K at [x 
S= ztkin 3 Pil oe 3 By 


with the constant, So = . +kln (“). From (2) and (11), let us calculate the heat 


involved when a particle in an infinite square well goes from an initial state i to a 
final state f From (2), we have 
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ds 
jis (12) 
kB 
where the entropy is a function of B and y, S(B,y). Hence dS = a dp + x dy and 
ee | oe oO oO 
from (11), we get dS = rT: dp yt: Hence (12) becomes dQ 2B? 2By" 
Integrating the preceding equation from an initial state i to a final state f, we get 
0 -3(3 *) 1 sfdy (13) 
T° 2\B; Bi) 2); BY 


Let us next use (13) to find the efficiencies of the quantum Carnot and quantum 
Otto engines involving a particle in an infinite square well. For future reference, we 
note that we impose a condition [12, 11]. 

By = kp = constant (14) 
in the adiabatic process, which is apparently consistent with (11) (AS = 0). 
Physically, adiabatic processes are possible when we vary both Z and T together 
such that fy is constant for a particular mass of the working substance. 


3. Quantum Carnot Cycle 

The classical Carnot cycle is illustrated in Figure 1. Processes AB and CD are 
isothermal processes at temperatures T;, and T; respectively with T;, > T;. The heat 
Q;, enters the system at the process AB while the heat loss of Q) occurs in the 
process CD. 


P Qh 
A 


B 
(f4 = Tg = Th) 


¢ 


Figure 1: Classical Carnot Cycle 
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Processes BC and DA are adiabatic expansion and compression processes 

respectively. In introductory physics classes the Carnot cycle i : discussed as the 

most efficient heat engine with an efficiency of Nclassical = 1 — a In transitioning 
Carnot 

to the quantum Carnot cycle, we use the equivalent isothermal and adiabatic 

processes as in the classical Carnot cycle [11]. 


For the Carnot cycle, (1) becomes 7 = 1 —- HGoutl = =1- i . Let us calculate Q; and 
Qn for the Carnot cycle. For an isothermal process, we a from (13) 
1 fdy 1. (Vf (15) 
Qisothermal = — 28 _y al ~ 3a" (“) ' 
Hence for AB au CD: 
en =) =~ ne) = se 
MOB Bn \Lp/ Bn \La 
and 
Vo 1 Le (17) 
=n 2) =~3m() 
Ceo 2h; Yc Bi Lp 
where we used (9). For the adiabatic process Qg¢, (13) gives 
174. 1\ 14" dy (18) 
weiG-J-i[2 
Bi Bri 2Jp By ; 
Evaluating the integral using (14), = a i = (ve - Ys) = ae — +2 But ky = 
0 
pO OF ove) ave bt 2 Ae 
Bove = Ba Vis SOOKE: Can. Melee ole i By 2Bcyc 2Bpyp 2 é 2) 2 G 
z): Hence, (18) yields 
Qac = 0. (19) 
Similarly, we can show 
Qpa = 0. (20) 


Note that from (16) and (17) Qap = Q;, > 0 since there is an expansion from A > 
B while Qcp = Q; < 0 since there is a compression from C — D. Hence from (1), 
(16) and (17) we get 
1 L L 
pat lla 1 — lool alae) _ 4 _ Ge) (21) 
Qh QaB 1 le ) Th in(##) 


Bu \La 
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Note for the adiabatic processes BcYc = BeYg and BpYp = Baya and for the 
isothermal processes, B, = Bz and Bc = Bp. Hence, YD = With (9), we get - = 


Yc 
2. This yields from (21), the quantum Carnot efficiency 
T, 22 
Nc = 1 — at = 1 ae Bn ( ) 
Th Bi 


which is also the classical Carnot cycle efficiency [11]. 


4. Quantum Otto Cycle 

The classical Otto cycle is illustrated in 

Figure 2 with Tg > T, > Tc > Tp. Processes AB and CD are isochoric (constant 
volume) processes at volumes V;, and V; respectively with V; >V),. The heat Q;, 
enters the system at the process AB while the heat loss of Q; occurs in the process 
CD. Processes BC and DA are adiabatic expansion and compression processes 
respectively. 


Vp, Y Vv 


Figure 2: Classical Otto Cycle with Tz > Ta > Tc > Tp 


1 
The efficiency of a classical Otto engine is Netassicat = 1 — () with y, is the 
Otto 


adiabatic exponent of the ideal gas working substance. In wansitioning to the 
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quantum Otto cycle, we use the equivalent isothermal and adiabatic processes as in 
the classical Carnot cycle [11]. 


From (13), let us calculate the efficiency of a quantum Otto cycle involving a 
particle in an infinite square well. For the isochoric process as in 

Figure 2, A > B (constant length of the ISW), we have (with Bp = Br, Bp = Bi, 
Vp = Yn and Yp = y; asin [11)), 


| (Ea te RE SMR (23) 
Cas 2 iG 7 AG in 
With (14), 
ae ee = Bi- a (24) 
— nm _ by Se(So 
Hence B, = a: and (23) becomes Qag = - (= i) or 
1a ie eee (25) 
Cap = lines a) ; 
Similarly, we can show that for the other isochoric process, 
=M(4t_ 4 . (26) 
Qc = 5 re aay 
For the adiabatic process B — C, from (13) and (14), we get Qg¢ = a(a - i) - 
1 1 ee | = 
aig 8 OY =3(=- zs) - mE ve — Yg). From (14) we can write ane —Yp) = 
tc. _ 18 But for the process B > C, 
2ko 2 
f= =Bc¥c = PeYe = BrYn- fee (27) 
Pee rks <meta ee! Mane al ns A 
os 2K rr Ye) = 2BcYc 2BBYB a a) teave, 
Qac = 0. (28) 


Similarly, we can show that for the other adiabatic process D > A, with Bay, = 


BoYp 
Qpa = 9. (29) 
(25) to (29), agree with [11] with Qap = Qin and Qcp = Qouz. Hence from (1), (25) 
and (26), we get 79 = 1 — Woutl _ 4 _ Ieol — 4 ~¥% ang with (9), we get the 
Qin QaB Yh 
quantum Otto efficiency 


i 30 
No = ee C®) 
Vh Li 


as also derived in [11]. We next turn to the calculation of the GUP-corrected 
efficiencies of the quantum Carnot and Otto cycles using a similar method. 
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5. GUP-corrected Quantum Heat Engine 
The generalized uncertainty principles has been discussed widely in the literature 
[15-22]. Quantum gravity theories lead to a minimal length scale which can result 


from a modification of the Heisenberg uncertainty principle AxAp >t to a 
generalized uncertainty principle (GUP) 


AxAp = 5 F(Be,AD) GD 


[15, 23-26] where F(B,, Ap) is some function of the the GUP parameter Bg and 
the uncertainty in momentum Ap. In [4], we employ a first order approximation of 
(31) . 
Axdp = =(1 + Bg(dp)?). (32) 

A modified momentum-position commutation relations given by [x,p] = 
ih(1 + Bgp”) replaces [xo, 9] = ih. The modified commutation relation can be 
shown to be satisfied by x = Xo and p = pp(1 + Bepe) with Po = ><. The new 


2 
operators lead to a GUP-corrected Schrodinger equation, (2 + "ong + v) p= 


Ew. From this modified Schrodinger equation the energy eigenvalues of a particle 
in an infinite square well can be derived and is given by 
oe nn h? n* Bon*h* (33) 
" 2mi2 IA. m 
for a potential well of width L [4, 16]. 


“In this section, we derive the GUP-corrected Qf, version of (13). Similar to (3), we 


can write the GUP-corrected partition function as Z° = Y{°_, e~F =, From (33) 


. . G n* Bgnth* 2 . 
the GUP-corrected energy is given by Ey = Ey, + = n(1+ 6n*) with 
(using also (9)) 

2 2p2 34 

5 = 8(Bg,L) = iia AmBoy «1 ae 
with a small GUP parameter Bg. We have Z° = Y%,e~BEneBinén” x 
Dna e F¥n(1 — SBE_n?) = Dear e F¥" — OB Litas En? e~PEn, Zou Z— 


OB YnerEnn?eF'n, From (8) and (9), we have Z9axZ—- 
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5B Liter yn?n2e-Pin = 7 — Spy Yeante Pr x Z — Spy (4 Gy) 5), We 
=f an n*e-Byn? 


used the approximation in (10). With (34), we get 
26 = Z— AmBeyBy (2 (By)-*”) ot 


ZS = Z—K(p3y)-1/2 (35) 
where 
= NE pn, (36) 
2 
Since K~fg and is hence small, we can make the approximation (using also (10)), 
G = en |) 8. ng — 2K 37) 
InZ° =In (z 7 = InZ ap 


Similar to the calculations in Section 2 above, we then calculate the GUP-corrected 
free energy F“, internal energy U%, entropy S® and finally the heat Qfr. We just 
list them next. Note that the quantities without the superscript “G” are the values 
without the GUP correction. 


G—_1), 76 — 2K 
F°= gind P+ 
GS. G = yp —2K_ 
U InZ U Tap 
G — G _ RG) = o _ ARK 
S° = kB F°)=$ Tap 


What is notable about (37) is that the GUP correction terms are independent of the 
width of the square well, in agreement to the analogous independence from the 
volume of an ideal gas in the GUP-corrected thermodynamic quantities in [27]. 
imi G = 9S _ AS _ 1 (4KK) _ aS 1, (6Bgmk 
Similar to (12), we have dQ" = rds T: 34 (=) iB 4 ( 2B ) so 
integrating from an initial state i to a final state {| we get Qi = Qir - 


6Bqm ff es This yields 


a 
Of = Oy — Flip has Som ~ 


With Qi- given in (13). 
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6. GUP-corrected Quantum Carnot Cycle 

Recall the processes in a Carnot engine: A —> B, an isothermal expansion at 
temperature T;,, B > C, an adiabatic expansion, C > D, an isothermal compression 
at a lower temperature T;, and an adiabatic compression, D > A. From (38), for the 
isothermal processes (equal initial and final temperatures), Q$, = Q4pz > 0 and 


Qf = Qcp < 0. For the corresponding processes, Q8, = ae ae es *| = 4(4.- 
2\Be BB 2 \bB 

+) > 0 since Tg = T;, > Tc =T;. Similarly Q§, = see =) <0 since T, = 

T;, > Tp =T;. With the GUP correction the processes B > C and D> A have 


some heat involved. Hence, 


08, = 0% + 08 (a-z) G9) 
in = Qap + QBc = Qap t Be Be 
and 
Que = Qép + Ba = Qcv -3(- #) = —|Qcol -1(2-4), a 
From (1), 
lQgue IQcp| + AQ (41) 
G — 1-— = 1 - 
ia a8, Qan + AQ 
where we define 
Af1 1 42 
131.2) 9 
an Pi 


Note that AQ « Qi in (38) since A~Bg. In addition, AQ > 0 due to (14). Let us 
manipulate the second term in (41) which has the relatively small quantity AQ. 


ree 
IQcp|+4Q _ Iaco|(t* eo) IGepl ( AQ )( *, ac) E . . . 
OaptdQ ~ Qap Ga (nt) 22 ) Ga 1+ joan 1 ou xpanding this expression 


to the first order of AQ (with AQ~A~Bg, (41) becomes nf = 4 — ool _ 


QaB 


QaB- 
AQ (eon!) With (21), we finally get 
Q4B 


. A 
ng =Nco- An, An = < Nc. (43) 
AB 


Note that the GUP correction term Ayn > 0 since AQ and Q4z are both positive as 
pointed out above. Hence the GUP-corrected quantum Carnot efficiency is less than 
the non-GUP quantum Carnot efficiency. Let us rewrite (43) in terms of the ratios 
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of the higher and lower temperatures and highest and lowest lengths. Remember 
that Qyp is from the non-GUP corrected quantum Carnot process. From (42) and 
(16), we get 


re peek (44) 
_ 49 a #) 7 aaa i) 


cers (45) 
An Abn ( 2 z) 1— Bn/ Bi)? 
mn) mA) 

" YB ie YB 


From our discussion in section 3, we have Bc Vc = BgYg. Hence we can write - = 
B 


Prva and (45) becomes 


Bi ¥c ( 2) (46) 
An 1-r 
— = AKT), > 
Nc "in(r 1) 


‘: 2 
with r = m4 = = and r, = with 0 <r <1 andr, > 1. Note that we wrote the 
A 


GUP correction term — in (46) in terms of the highest temperature and width (T;, 
Cc 
and L;) and the lowest temperature and width (T, and L,). From (46), we plot f = 


(ae) in Figure 3 and Figure 4. We only consider the parts in both figures where 


f > 0 since as mentioned above, we expect An > 0. In Figure 3 we plot f(r) with 
r, = 2. Asr increases T, > T;,, 4n — 0 while decreasing r, or lower T;, the GUP 
correction Ay increases. Since thermal energy decreases, we expect gravitational 
effects to predominate. In Figure 4, we plot f(r,) with r = 0.5. As 7, increases 
(maximum width L¢ increases), 4n — 0 while as r, decreases (maximum width L; 
decreases), An increases. This is expected since the effect of the minimal length is 
more pronounced for decreasing length dimensions. Choosing different values of 
r, to plot and f(r) and different values of r to plot f (17) give the same behavior 
as in Figure 3 and Figure 4 respectively. 
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fir) 


Figure 3 Plot of f(r) with r, = 2. 
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f(%) 


a) 


Figure 4 Plot of f(r,) with r = 0.5. 
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7. GUP-corrected Quantum Otto Cycle 

Recall the process in an Otto engine: A — B, an isochoric (constant volume) 
process, B > C, an adiabatic expansion, C ~ D, an isochoric (constant volume) 
process and D — A, an adiabatic compression. As before we use (38) to write down 
the heat involved. For the isochoric processes A — B, and C > D, 


Ce tA ook an Ol. Onan oe =. 4 (47) 
Qa = Qap - 3 (a a) and Qép = Qcp (4 #) 
respectively. For the corresponding processes B — C and D > A yield 
(Ae ea meer (48) 
Qe =~ (- a) ~ 2 (- a) and Q5a = AG #5) 


With the GUP correction the processes B > C and D — A have some heat involved. 
Since Qyp > 0 and Qcp < 0, we expect Q§, > 0 and Qf <0 since the GUP- 


correction is * (4 B -#)i is smaller than Qi. Qk. > 0 and Qf, <0 since Tz > Te 
and T, > Tp respectively as noted in Figure 2. Hence from (47) and (48) 


Afi 1 Afl 1 49 
Of, = Ufa + Of = On F(a ae) +5 (Ge) ies 
= Q (a-m) 
“Oe ORN BE Be 
and 
afl 1\ Aft 1 (50) 
Qbut = Qén + QBs = Qen — la a) aH) 
A 1 Af{1 1 
= 09 +3 (ae) = “el ape) 
wil seo 8) 


Putting (49) and (50) into (1), we get 7 of ~ of 
in in 
with W as the non-GUP work involved. Manipulating 7% with (49), we get n§ = 


aa airy a, ~(1- — Sap oa) where 
QaBtAQaB = QaB 14 ae QaB QaB 
=4ft1_ 1 (51) 
a 2 (F ia) 
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wa 
6 = No — Ano, Ang = “Fe4# (52) 
with Ano as the GUP correction. It is clear that Ang > 0 since W and AQap-are both 
positive. Hence the GUP-corrected quantum Otto efficiency is less than the non- 


GUP quantum Otto efficiency. 


Similar to the GUP-corrected Carnot cycle let us look at =12 = 2. From (25) and (26), 
(6) 


= = = (le) 53 
W = Qap — |Qcol = ( ; \G ia) (53) 
Putting (53), (51), ve oe into Ano of (52), and with (30), we get 
Ano 1 Oa Wah = fr 7 (54) 
o ABn a ae a-70r —,- where r; = oe Lond r Se 


with 7? > 1 and 0 <r < 1. Since processes BC and DA are not adiabatic when 
we put in the GUP correction (see (48)), (9) does not apply and we cannot relate B, 
to Bp = B, and Bc to Bg = By. To facilitate an analysis like section 0 above, let us 
assume that similar to the relations in (24) and (27), we can write generally 

Ba = favo = favBi and Bc = fcebs = fcePh (55) 
With fap < 1 and fog > 1since Tp < Ts and Tp > T¢ as noted in Pieme 2. For the 
non-GUP case in (24) and (27), fap = ye since Va = Vs =Yn>Secs = 7 since Yo= 


Yp = % for the isochoric processes AB na CD. Putting (55) into (54), we get 


Ano Bh 1 (56) 
=)— (1 fap . :) —}, 
No BA fén 7 (=p) : 
In Figure 5, we plot (56) fyp(r) = A . fA, with fap = 0.5, fon = 2, andr? =5. 


We only consider the region where f{,p(r) > 0 since as noted above Ang > 0. We 
consider the region 0.2 < r < 0.25. The lower the value of r = = , ower value of 


T)) the higher the value of “ie 2 In Figure 6 we plot f8;p(r?) i ‘e p= 0.5, fez = 


2,and r = 0.1. Just as hefore we only consider the peuicn where feue (rp )> 
0 since as noted above Ang > 0. We consider the reeioe rf > 10. As rf? increases 
(maximum width Lc increases), Ang > 0 while as r? decreases (maximum width 
Lc decreases), Ajo increases. Both cases exhibit a similar behavior as the GUP- 
corrected Carnot engine. ie can show generally that these behavior in Figure 5 
fad AD. 


and Figure 6 occur when = a=<r<& ; 
CB 
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f el up(r) 


-19 
Figure 5 Plot of f9,p(r), with fap = 0.5, fog = 2, and r? = 5. 
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Figure 6 Plot of fO,p(r?) with fan = 0.5, fog = 2, andr = 0.1 
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8. Conclusions 

We analyzed the two most commonly studied heat engines in physics namely the 
Carnot and Otto engines. Following the approach of [11] and [12], we calculated 
the heats involved in the quantum Carnot and Otto cycles and the corresponding 
GUP-corrected quantum cycles using the partition function of the working 
substance namely a particle in an infinite square well in thermal equilibrium with a 
heat bath. Similar to the results of [27], the GUP correction to the entropy (and 
consequently to the heat energy) is independent of the dimension of the container 
(in our case the dimension of the well). In both cases the work = heat input minus 
|heat output] do not change with the GUP correction since the GUP-corrected heat 
is independent of the width of the well (see (38)). The adiabatic processes in both 
the Carnot and Otto cycles cease to be adiabatic in the GUP-corrected cases. This 
behavior is expected since the introduction of the GUP correction term in the 
Hamiltonian of the Schrodinger equation alters the energy of the working 
substance. A similar behavior is observed in [12] where an additional interaction 
term was introduced in the Hamiltonian. The GUP correction lowers the efficiency 
of the quantum heat engines discussed. In this paper (due to a GUP correction) and 
in [12], (due to an interaction term) we have an additive correction term in the 
Hamiltonian of the Schrodinger equation. In both cases the correction term resulted 
in a decrease in the efficiency. For both the Carnot and Otto engines, the GUP 
effects increase as the temperature of the cold heat bath decreases and as the width 
of the potential well decreases. 


With the general GUP-corrected heat energy calculated in (38) with a particle in an 
infinite square well as the working substance, we can explore the GUP-correction 
in other heat engines such as the Szilard engine. It will also be interesting to study 
the GUP-correction using different working substances such as a two-level system 
and a harmonic oscillator. 
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